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ITI. A Critical Study of Spectral Series—Part I. The Alkalies H and He.

By W. M. Hicks, Sc.D., F.R.S.
Received October 25,—Read December 9, 1909.

NOTATION AND ABBREVIATIONS.

n = 108/A = wave-number = number of waves per cm.
Adopted formula,n = A - N / <m'_|.p_|. %>2.

A is the “limit” = n when m = oo.
RYDBERG’s notation for the series is adopted. Thus—
P denotes a principal series.
NaP the two principal series of Na.
NaP; is the first principal series of Na.
NaP; (2) is the second line in, &ec.
CsDyp (4) denotes the satellite to the fourth line in the first diffuse series of Cs.

m+p+ ;—iis referred to as D except when there may be an ambiguity with diffuse, when den. is used.

% is written V (4.e., variable part of series). Thus—
VP (1) stands for the value of N/D? in P (1).

F is the symbol for the new series (fundamental) as P.S.D. stand for those already known.
f by itself stands for a fraction.
In referring to observers—

K.R. stands for KAYSER & RUNGE.

L. &D. ” LiveEiNg & DEWAR.

B. ’ BERGMANN.

K.H. ” KONEN & HAGENBACH.
L. ' LEHMANN.

LE. ’ LENARD.
p. ' PAscHEN.
R. ’ RAMAGE.
S. ' SAUNDERS.

W. ' ‘Woon.

TrE following investigation was commenced some years ago, at a time when the
discussion as to the atomic weight of Radium raised the question as to the dependence
on their atomic weights of the wave-lengths of corresponding spectral lines of
different elements of the same group. The arguments were necessarily vague and
VOL. CCX.—A 461. I 9.2.10
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58 PROF. W. M. HICKS: A CRITICAL STUDY OF SPECTRATL SERIES.

unconvineing in the absence of any exact knowledge as to the connection of wave-
length with atomic weight, even supposing such connection existed.

Our knowledge of series spectra is chiefly—one might say almost wholly—due to
the sets of very exact measurements of Kayser and RuNer, and of RunNee and
PascHEN, supplemented by extensions to longer and shorter wave-lengths by
Brromaxy, Konen and HacenBACH, LEEMANN, RAmAcE, and SAUNDERS. These
have been only quite recently added to by Pascmenx® and by the remarkable
extension of the Sodium Principal series up to 48 terms by Woop.t A most
valuable feature of KAvsER'S work was the publication of possible errors of obser-
vation. This has rendered it possible to test with certainty whether any relation
suggesting itself is true within limits of observational error or not. In fact, without
this, the investigation, of which the present communication forms a first part, could
not have been carried out. So far as the author knows, SAUNDERS is the only other
observer who has accompanied his observations with estimates of this kind. Others
have given probable errors—practically estimates of the exactness with which they
can repeat readings of that feature of a line which they take to be the centre—an
estimate of little value for the present purpose. In deducing data from a set of
lines it is thus possible to express their errors in terms of the original errors in the
observations, and limits to the latter give limiting variations to the former. We
therefore know with certainty what latitude in inferences is permissible, and are
often enabled to say that such inference is not justifiable.

The formule of RypBErRG or of Kavser and RUNGE are sufficient in general to
identify lines as belonging to a given series, except in the cases of lines in the infra
red, where the order is 1 or even 2, but they are not sufficiently accurate for our
purpose. It is necessary to obtain formulse for the various series which can reproduce
the known series within limits of error or, if this is impossible, with as few outside as
possible. The fact that RypBERG’s formula contains two arbitrary constants, whereas
K.R.’s have three, and the well-known relationships brought to light by RypBERG’S
formula naturally suggest it as the basis for a second approximation. In the absence
of any definite theory as to the nature of the vibrations giving rise to spectral lines,
it is necessary to make some assumption and to test it by its results. The most
natural one clearly is to suppose that in RypBERG’S form A—N/(D)* where D = m+p,
D is some function of m which can be expanded in a series of which m+pu is the first
term. Comparison with observation shows that his formula becomes more exact with
increasing m, and that, therefore, the function should be expansible in negative
powers of m. In other words,

B

D=mtp+Zi+2 4.,
T m? ’
where o, 8 are small.

* ¢Ann. d. Phys.,” 27, p. b37.
t ¢Astro. Jour.,” xxix., p. 97.
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PROF. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES, 59

If RYDBERG'S opinion, that the true formula should be of the form f(m+p), is
correct, then D would be of the form

D:m-l—fl,—l—‘—‘—a +....
m+p

This, however, would be included in the previous formula with sufficient exactness
except possibly for m =1 or 2. Any term added to m+pu will, of course, by giving
an additional arbitrary constant, produce a formula capable of reproducing spectral
series with greater accuracy. The criteria justifying the form of a new term should
be a very considerable increase of accuracy over a wide range (and particularly for
m = 1), and that it should bring to light further relationships. Rirz,* from certain
theoretical ideas, has taken D = m+u+B/m* or m+pu+Bf(m+5)%, and with a large
number of series has obtained very close agreement. It was not until I had made
some progress with this work that I became acquainted with his paper. I believe
this to have been fortunate, for had I known his work, and the great increase of
accuracy obtained by his forms, I should probably not have attempted to essay any
further improvement. As it was I had proceeded so far as to feel certain that I was
on correct lines, and had already obtained even more accurate results than his,
besides some of the relationships presented below. The first important result was
that it was rarely necessary to go beyond the a/m term—in fact, not at all for the
alkali metals—that if «, 8 were both included, and, of course, an additional line used
for calculation, B always came out a small fraction of «, and that with « alone the
agreement was much better than with B alone (Rrrz). Evidence of this is given
below.

As will be seen later, there are indications that a form D = m+p+o¢/(m+0&) may
be the true form, at least for certain series. These indications will be mentioned in
due course, but as the metals of Group II. are not discussed in the present communi-
cation, the case may be further illustrated from a special series in Mg, which will at
the same time serve to show that too much stress must not be laid in favour of a
particular formula on the mere fact that it reproduces the observed lines, unless the
observations are very exact, or comprise the first members and a considerable number
of the others. The series in question was first discovered by RypsBEret in K.R.’s
observations, and consists of six observed lines contained between 5528 and 3987,
which he called a “new kind of series” of the Mg spectrum. Neither his own nor
K.R.’s formula reproduce the lines, and he suggested a combination of the two, viz.,

n = a—=bf(m+p) —cf(m+p)"

As will be seen, this involves four constants and requires four lines to find the
constants. The formula reproduces the two last lines within error of observation.

* ¢ Ann. d. Phys.,” 12, p. 264.
T ¢Ann. d. Phys.,’ 50, p. 625,

12
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60 PROF. W. M. HICKS: A CRITICAL STUDY OF SPEOTRAL SERIES.

To anyone using the form «/m, RYDBERG'S new formula suggests at once the form
D = m+p+af(m+p), which only requires three constants. Using the first three
lines for these there results
‘886213
= 2661709—N ( 3176204 000213
7 7 / m+ 317 +m+'31762>’

which reproduces the last three lines well within the limits, as the table below shows.
I felt no doubt but that this was the true form, until it occurred to me to test the
simpler form.

The formula
n = 26609‘74-N/<m+ BB1LT+ 20

reproduces the last three quite as well as the other, and, in addition, possesses all the
criteria of a diffuse series. The series is not, therefore, a “ new kind of series,” as it
was called by its discoverer.

The following table gives the series with the excess of calculated over observed
wave-length for each formula, and the limits of observational error :—

Observational
m. A orTor. RYDBERG. a/(m+ ). a/m.
3 552875 10 * * *
4 470333 05 * * *
5 4352-18 <05 * * *
6 4167-81 10 * - 08 + 09
7 405845 100 - 20 : - 31 + 04
8 398708 1-00 + 48 1 + 39 + 89
|

* Used to calculate constants.

An interesting remark may be made here. If a series is represented by
D = m+p+af(m+p) a slight alteration will represent it equally well by putting D a
continued fraction, viz.,

D=m+p+ * ,
m+p+

mtp+...

St seh-mp]

n = A-B{,/(m*+2am+b) — (m+a)}?

in other words,

i

N
D?

or

which looks quite different, and points to the frequencies depending on the roots of a
quadratic. '

In RypsErG’s formula the value of m (or u) has a certain indeterminateness—pu
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may be a positive or negative fraction, or may be > 1. If we know that the first
observed line of a series is actually the first member m = 1 for that line and u is
definite. If we assume, for instance, that the first doublet of a principal series has
the same separation as those of the associated series, the question is settled ; or if
such a line has not been observed, then the degree of convergence of the separation of
any P doublet will give its order at once, e.g., the fact that the D lines in Na have
the same separation 17°21 as the sharp series, would show that the D lines are
actually the first members of the series. If these had happened to have been outside
the region of observation, however, and the doublet (8302, 3303) had been the first
observed lines of the P series, their separation (5:50) would have at once shown that
for them m = 2, and again p would be definitely determined. In spectra with no
doublets or triplets, as in the singlet series of He or O, this criterion would not be
available. Recourse might then be had to the fact that in all known cases the first
line of a P series is not very different from the first line calculated from any approxi-
mate formula of the sharp series with sign reversed. It was this consideration which
led RyDBERG to postulate a value for w > 1 in the principal series of the alkali
metals. In all cases there is nothing to distinguish the order for a diffuse series. If,
therefore, we wish to discuss how the value of u changes from element to element,
RypBERG’S formula can only give an approximation to its fractional part alone. As
soon, however, as a more approximate formula, such as that used in this paper (a/m)
or that used by Rirz («f/m®), is applied, u becomes definite at once—e.g., in the
principal series of the alkalies the denominator is (f denoting a fraction)
m+1+f—afm and not m+ f—eafm, for the latter will not reproduce the series within
the limits of observational error, and consequently w > 1; in the sharp series p < 1.
In the sharp series, however, of Group II. or the Zn group p > 1, from which it may
be remarked incidentally it follows, using RypBERG’S law, that the wanting principal
series must be looked for in the ultra-red. The unique determination of u is a matter
of the first importance for comparative study. It only fails when the lines are so few
or the measurements so bad that e/m or af(m+1) will either of them reproduce them
within the observational limits.

In order to draw safe conclusions as to any relationships between the constants for
various elements, or between the different series of the same element, we need to
know their limits of possible variation. This is possible, as mentioned above, when
the data are based on the measurements of Kavser and RUNGE or of SAUNDERs. It
is not proposed, in what follows, to give complete expressions for these variations in
terms of observational errors, but the method can, perhaps, be understood best by
taking an actual example—say that of K.S. The wave-numbers of K.S. (3.4.5)
reduced to vacuum from the wave-lengths given by K.R. are 1440780, 1723072,
1872120, with possible errors, as deduced from wave-length errors of 1-04, ‘15, '53
respectively. The true values are taken to be 14407°80+1:04p, 1723072+ 15¢,
1872120+ 53, where p, g, » may have any values from —1 to +1. The lines as
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62 PROF. W. M. HICKS: A CRITICAL STUDY OF SPECTRAL SERIES.

observed give A = 2196338, u = 825786, a = —-047604. The variations due to
the errors are found to be

SA = — 673p  +'520¢ —1'988r,
S = 001646p—"000969g+ ‘0025407,
S = — "005216p+-002514g— 0061167

If, then, the constants calculated from three observed lines give a formula which
brings a particular line outside the limits, it is possible to determine whether a
permissible change in the original wave-lengths can bring it within. It is used also
to test the validity of RYDBERG'S law as to the limits of S. and P. A. further valuable
result is that it enables us to give the limits of possible variation of A, u, a, e.g., in
the example above cited by putting p = — ¢ =7 = + 1. The utmost possible, though
unlikely, variations are then +3:18 for A, F:005155 for u, and +°013846 for .
When in the following pages limits of this kind are given, it will be understood that
they have been arrived at in the above manner.

We shall have to apply certain laws and relationships already known, and it is
necessary to have some clear idea of the degree of exactness with which they represent
facts. Some of these depend on direct observation, others on relationships arising
from the formule. Of the former the most important relate to the doublet (v) and
triplet (v, v,) separations of the various series. They are :—

(A) The value of » (or of », v;) is the same for all the members of either the
sharp or diffuse series—the separation in the diffuse series being taken
between the satellite of the first and the second, and in the case of triplets
for v, between the satellite of the second and the third.

(B) The values of v for sharp and diffuse are the same.

(C) The value of v for the first line of the principal series is the same as for the
sharp or diffuse.

It may be said at once that these statements are true within the limits of
observational errors, the only exceptions that I have met with are in the case of the
sharp series of oxygen and the diffuse of sodium. O.S (4) gives » as lying between
3'52 and 372, and O.S (5) as between 2:82 and 346, or say » > 352 by the former
and < 3:46 by the latter. One is naturally tempted to put this down to a larger
observational error than the estimated one. There are cases, however, in which a
doubt may arise as to whether these statements are absolutely exact. For instance,
NaD gives the following values for » (the observational errors are given in
brackets) D (3) 16:60 (:5); D (4) 17:04 (-8); D (5) 1928 (28); D (6) 2818 (5),
It is to be noticed the least possible » from D (6) is 1818, and the greatest from
D (3)is 17-60. If it is real, (A), (B) are not true, but D, (6) and D, (6) are bad
measurements, and the limit of accuracy (5) given for each is probably a rough way
of saying very large. On the other hand the gradual rise with increasing order
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raises a suspicion that the rise exists and that » is not constant. It is just possible,
as we shall see later, that the sodium series, which has generally been taken as the
typical diffuse, may not be so. '

As regards (B), the following table gives the values of » for the alkalies, as
determined by least squares (duly weighted) for Na and K and arithmetrical means
for Rb and Cs from the observations of K.R., SAUNDERS, and RAMAGE :—

Na. K. Rb. Cs.
Sharp . 17-10 57-67 237-39 55389
Diffuse 16-89 5802 236-30 551-30
Both . t17-07 57-84 23678 55222

Any doubt, however, as to the exact truth of (A) and (B) must vanish when we
consider those elements in which » is very large. As examples, take Tl for doublets
and Hg for triplets, In the case of Tl we find the following values of » :—

Sharp. Diffuse.
7792:37 ( *31) 779308 ( "63)
7792:63 ( *73) 7792:64 ( "87)
7792:46 (1-18) 779169 (2'40)
779092 (2°75) 779168 (6:82)
778922 (7-22) 779022 (8°14)
Most probable v = 7792:39. Most probable » = 7792-90.
Most probable supposing both same = 7792°51.

The corresponding values for Hg are :—

Sharp. Diffuse.
v, 463178 4631°79
vy 176759 176852

If there were real variations, we cannot but believe that they would bear some
relation to the absolute magnitude of ». Yet here, even with such exceedingly large
values of », the variations do not exceed the corresponding values for small ». We
need, therefore, feel no hesitation in imposing the laws (A) and (B) as conditions
which our formulee must fulfil.

As to (C) there cannot be quite the same degree of certainty. The principal series
have only been observed in the alkali metals and He among doublets and O and S
amongst the triplets. In the alkali metals v for NaP (1) is known with extreme
aceuracy, viz., v = 1721 (from interferential measurements). For the others the
measurements are very bad. For K, Kavser and Ruxee give 5708 (very large
possible errors), SAUNDERs 57°87, and LEHMANN 56°43. For Rb, SAUNDERS gives
23778, LeamMANN 23276, For Cs, LEHMANN gives 553'00. In every case (C) is
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true within limits of errors of the measurements, but those limits are very wide, and
it may well be that exact equality does not hold. There can be little doubt but that
the value of » from NaS is very close to 17°10, and 1721 is certainly exact for NaP (1).
The He lines have been measured with great exactness, but unfortunately » is small
(1:007) and HeP” (1) is far up in the ultra-red. In O, » is of the order 3°6, and OP (1)
is a bad observation, whilst in S (v = 18°04), SP (1) is outside the region of observed
lines. The evidence of the exactness of (C) is, therefore, not conclusive, but in spite
of the indications of Na to the contrary, it is probably correct. The doubt, however,
should be kept in remembrance.®
Observation also tends to show that :—

(D) The corresponding S and D series tend to the same limits.
(E) The doublet or triplet series of the P type tend to the same limit.

The exact truth of (D) and (E) has not been proved from direct observation, for the
actual limits have never been seen nor have a sufficiently high order of terms been
observed. The HD has been measured up to m = 81, but HS (star by PICKERING)
only a few to compare with it. NaP, has been measured by Woobpf up to m = 43 as
an absorption spectrum, but only two terms of NaP, are known. With the exception
of these two, no series has yet been observed nearly up to its limits, and the strongest
evidence in favour of (D) and (E) is based on the limits as calculated from formulee—in
which again the actual limits will vary slightly with the form adopted for the
formula.

The lists of values of limits given by RyDBERG] show that the approximate truth
of (D) is certain.

Amongst the relationships depending on the formulee, the chief are those which will
always be associated with the name of RYDBERG, viz., the remarkable connection
between the sharp and principal series, and the constancy of N. The former may be
expressed in the form :—

(F) 8 () =N/D?of P (1) = VP (1)§
(G) P (o0)=N/Dof S (1) = VS (1).

The discussion of the evidence for or against them will come later. Their
approximate truth is so clear that it would require very strong evidence to justify
the use of any formula which did not conform to it. Rrrz has imposed the law on
his formula, using it in calculating the constants, and supposes that the results prove

* Since the above was written, PASCHEN has published further observations in the ultra-red, giving
what he takes to be the principal series for several elements. When discussed, these will probably give
considerably more light on the question. ¢Ann. d. Phys.,’” vol. 29, p. 625.
© T ¢“Astro. Jour.,” vol. xxix., p. 97.

i ‘Rapports Congrés Internat. de Phys.” IT., p. 210.

§ The expression “N/D2 of ” will have to be employed so frequently that it will be convenient to use a
symbol for it. 'V will stand for the term of the formula in which m varies.
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its truth. 'When, however, his values are contrasted with actual measurements (see
below), it would appear rather to show that if the law is correct his formula is wrong,
or if his formula is correct the law is not exact.

(H) The value of N is the same for all series and for all elements.

There can be little doubt but that N is very nearly the same for all known series,
and it is a tempting hypothesis that it is actually so. We have no evidence, however,
to prove that it is either the same for all series, or has different values for the different
types of series, which may well be the case. If it be found that all observed lines
come into the formula with the same value of N, and further if thereby the validity
of (F) and (G) can be established, or if other relationships which present themselves
are more clearly brought out, then the evidence that N is a constant of nature (as
RvypBERG calls it) will be very strong. We shall start, therefore, by taking N to be
the same for all series, and the same which RYDBERG assigns to it, viz., 109675, when
referred to vacuum. » '

This value, however, may require redetermination. It was determined by RyDBERG
from hydrogen by least squares applied to Barmrr’s formula for HD and using the
observations of Amms. It was BALMER'S form which led to RYyDBERG'S modification,
putting m-+p in place of m, where u depends in some way on the properties of the
substance. To suppose, therefore, that BALMER'S formula is exact, 7.e., u = 0, seems
like saying that hydrogen has no individual properties. In any case, it would seem
extremely unlikely that, as every other substance has a finite value of w, H should
have p = 0. Itis to be expected that its u would be small. All the low atomic
weight elements have w small (or very nearly unity) for a D series, and we should
expect the lightest element of all to have a very small one (or nearly = 1). To find
N, then, the series of RYpBERG should be used as a basis, and N and w both determined.
Unfortunately the HD spectrum is not known with great exactness of measurement.
The most accurately measured spectra as wholes are without doubt those of He by
RuNGE and PascHEN, and it would seem preferable to use these to determine N. At
first sight, then, it might appear more logical to consider this point of the value of N
as determined from H and He spectra before going further. It is preferable, however,
to postpone this until the alkali spectra have been discussed, and some information
obtained as to the connection of the different types of series. Moreover, by keeping
at present to RYDBERG'S value, it will be possible to directly compare the results from
the formula adopted in this paper with those from that of Rrrz, which is the only
other comparable in accuracy.

* The Spectra of the Alkals Metals.

As SaunNDERs has given very complete tables of the observed spectra of the
alkalies,” it will be sufficient to refer to them for the material at disposal at that date.

* ¢ Astro. Jour.,” xx., p. 188.
VOL. CCX,—A K
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Since then we have had the very exact measurements by PascrEN* in the ultra-red
of 1i, Na, and K, and the remarkable discovery by Woobnt of the absorption by its
own vapour of the NaP series, lines being observed down to m = 48.

A superficial examination of the series of the different alkali elements shows that
Li apparently occupies an anomalous position, and leads to the surmise that the series
are not homologous with those of the other elements. Thus, if the first lines of the
principal series ini each be compared, viz.,

Li. Na. K. Rb. . Cs
6708 5890 7665 7805 8527

it is seen that the wave-lengths continually decrease with decreasing atomic weight
until we arrive at Li, when the wave-length jumps back above Na. Further from
analogy with the others LiP (1) should be a doublet with » = 1'5 about, and the LiS
and LiD should be all doublets of the same », but, as a fact, they are all single, with
the possible exception of 4602, which KoNeN and HAceNBACH believe to be a double
line. For this reason in my first examination I left Li for separate consideration,
and as this was fully justified by the result, it may be well to proceed on the same
lines now. We shall discuss then first the well-known principal, sharp, and diffuse
series of the other alkalies, then the additional series which appear in the spectra,
and finally return to Li in the light of knowledge gained from the others.

The first step is to justify the use of the form m-+u+eafm for the denominator, by
showing how closely it reproduces the observed lines. This is done in Table I.  For
comparison the results as calculated from Rirz' formula are also given. In each
series the first column (O) gives the possible observational error, the second (H) the
excess of observed over the calculated wave-length, and the third (R) the corre-
sponding values from Rirz formula. Whenever this is outside the observational
error it is printed in thick figures. TFor the present purpose the values for Li are
added. The values of u, @, &c., are given in Table II. The results for Rtz are
given from his paper, or, for those lines not observed at the time, are calculated from
his constants. It should be remembered that the estimated possible errors are
considerably greater than the probable errors, and consequently we ought to look for
a closer agreement between calculated and observed values than the possible errors
show. It should further be noted that for high orders any formula giving rough
approximation only will give some information as to the excellence or otherwise of
the observations themselves. If the deviations show gradual change as m increases,
the formula is probably in fault; if, however, a deviation makes a sudden change
and comes back to its former course as m increases, the observations are probably the
cause.

Where two values are given under P they refer to the doublets. All the S have

* ¢ Ann. d. Phys.,’ 27, p. 567.
+ ¢ Astro. Jour.,” xxix., p. 97.
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been found by correcting to constant », also in P, Pg‘( ) has been taken to be the
same as P; (o).

Remarks on Table I—NaP. It will be seen that agreement is perfect in NaP.
This is the only series in which the first three lines (from which the constants are
determined) are known with great accuracy. It has not been thought necessary to
give the comparison with all Woon’s measurements, but after m = 10 they are given
for every interval of 5. The deviations from Woob show that his observational work
(apart from instrumental) have mean errors of about +'05 A.U., and if his instrument
constants are comparable with K.R.s, the constant P ( o) in the formula should be
about ‘10 higher. Rrrz has two outside, one 1'3 times and the other more than twice
the amount allowable.

NaS is not a first-class set of measurements. Nevertheless, there is good agreement
except for S (6). For S (2) PAscHEN'S estimate of possible error is 1.  For this a very
slight alteration in the value of «, or an error of ‘01 in S (3) (possible error = *10),
would bring both mine and Rirz’ values within limits of error. The deviation in
S (6), however, is serious. It has the appearance of being chiefly due to a measure-
ment error, for successive deviations, as m increases from 4 to 8, are 0, 0, +°42, —*12,
—-32, and Rtz formula suggests the same. If the.observations are looked at more
closely S(6) gives » = 1589 instead of 17'2. LiveiNe and DEWAR, in their early
measurements of this doublet, say : “The lines 45439, 45402 in the Normal Solar
spectrum probably represent this pair.” These give v = 17°94. L. and D.’s measure-
ments are, of course, not to be compared with those of the later observers, but
apparently their method of producing the light had advantages over those of K.R.
Their observations generally give wave-lengths less than those of K.R., but in this
case they are much less, pointing to a suspicion that instead of A =.4546'03 one
nearer 4544'8 would be more correct. A = 454561 is that demanded by the formula.
Although, therefore, this case is a serious one against both formulse, there are yet
indications that it may be closer to the real value than the observations show.
S(7.8) are from L. and D.’s observations. The reading for S(8) is given by them
for the middle of a narrow band which they have not seen divided. For this
n = 23015'49. I have taken the readings for the two lines to be 2301547 +% (17-2),
and R117z’ result is also compared with this,

NaD. The observation errors for all the NaD series are large. The deviation
from constant » has been referred to already, especially the excessive » of D (6),
which renders the readings for this very doubtful. The constants have been deter-
mined from L.’s readings for D (2) and K.R.’s for D (8.4). There is some uncertainty
as to whether u for the D series should be a fraction or 1+fraction. The results here
are calculated for the form 1+4f, but in all cases for D lines in this table the order of
a line is taken to be the integral part of the denominator whether we use p = f or
1+f The doublet at m = 6 is outside the limits, and it ought to be if » is to be
constant, also the reading for D, (5), but both D, (5) and D;(6) can be brought within
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by a permissible change in D, (2.8), thus leaving D, (6) outside, which must neces-
sarily be the case with » so large as 28. 'We may regard, therefore, the formula as
satisfying the conditions for NaD. Rirz gives no constants for his formula for this
series.

KP. The observations for P (1) are very bad. K.R. give 7665'6 and 7699°3
(possible errors 5). L. gives 7668'54 and 7701-92, R. 7664, and S. 766491 and
769908, HERMANN* 766529, 7699°32. The votes carry it for the lower value of P,
and one gets an almost superstitious belief in K.R.’s measurements after long use of
them in this kind of work. On the contrary, L.’s result appears to agree better with
those computed from K.R.s values of P (2.8.4), the case here adopted. Rirz
constants are calculated from L.s result for P (1) and K.R.s for P(2.3). In the
table, then, L.’s result is used. It will be seen that the formula adopted here gives
excellent agreement except in P (5), where the deviation is twice that allowable.
The order from m = 2 to 7 is 0, 0, 0, 21, 0, 01, a striking agreement with a sudden
jump at m = 5, pointing to observatioral error, but there is no further evidence as in
the case of NaS (6). Rirz’ are all outside, except for m = 8, 9.

The S are corrected to constant v = 57-93. The agreement is very good except for
S (2), which is far out. Rirz has all outside. In his paper he must have given
S; () for S; (o). I have calculated his S (2.8.9) on this supposition.

The numbers for KD are calculated from a form p = f It appears p = 1+f is not
possible.  As is seen, there is good agreement. In this case, in order to bring D (2)
within limits, errors have been allowed to D (3) and D (5). This is the only diffuse
series for which Rirz has given constants, and I have calculated from them the values
for m = 2.3.8.9. The formula in this case is quite out.

RbP. The only accurate measurements for this series are those of K.RR. for P (2.3.4).
P (1) is as uncertain as in the case of KP (1). K.R. give 7950, 7811 (observational
error = 5) with » = 223'85; at least one, therefore, is certainly wrong. L. gives
795046 and 780598 (v = 232:76); S. gives 7947°6 and 78002 (v = 237°73); whilst
R. has 7799 for P, (1). Using P, (2.3.4) for constants gives P, (1) close to L.’s
value and P, (5) close to observed value, pointing to L.’s value for P (1) as being very
close to the truth and that K.R.s error is almost wholly in P, (1). K.R. and L.
agree practically for P,(1). 8. gives a line at 31587 which is closer to P, (6) than
P, (6) ; it has been taken for both lines in the table. For P, the limit has been made
the same as for P, and the lines P, (2.3) used for calculation. P,(4) is just outside,
but a slight permissible alteration will bring it inside.

RbS. The text for this series is very corrupt. K.R. only observed S, (4.5) and
S, (4) with possible errors ‘2 for m = 4 and ‘15 for m = 5. For S(3) L.’s measure-
ments give v = 23962 and S.’s 237°60. For the constants I have used S (4.5.6)
corrected to v = 23670. The formula gives S.s result for S (8) as against L.s.
8 (7.8) are given both by R. and by 8. : for lack of any other guidance I have taken

* ¢ Ann. d. Phys.,” 16, p. 684.
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that which agrees most closely with that calculated from the formula, and I have
treated Rtz in the same way, calculating his S (2.6.7.8). The observations for
S (2) are by B. They are in no way comparable with the corresponding values by P.
in the case of Na and K. In fact, B.’s readings give v = 24507, or an error of about
16 A.U. in the wave-length differences of S, (2) and S,(2). Probably Rrrz is closer to
S (2) than the formula in «/m; on the other hand, he has errors from nine to ten
times the allowable in two cases. '

RbD. 1In the D series it has been thought that Rb has a satellite to 7753 (L.),
viz., 7759 (S.). If we take u = { and use K.R.’s values for D (4.5.6), it can be shown
that it is impossible to get within wide limits of either S. or L’s D (8), or of
BereMANN’s D (2); but it is possible to satisfy conditions for D (8) if what has been
supposed to be the satellite is actually the line Dy, (8), we., 7759'5 8. instead of
775358 L., but still D, (2) comes far wide of B.’s value on the side of longer W.L.
With p = 1 + f the calculated place of Dy, (3) is close to the supposed satellite, and it
can only be modified to bring it to the supposed Dy, t.e., 7753, by giving large
possible errors, alternately positive and negative, to K.R.’s observations of D (4.5.6).
Also the Dy, (2) line, as calculated, falls half-way between B.s D, (2) and D,(2). It
can be made to fall on his D, (2), but not on his D, (2). I am inclined to think, first,
that B. has a large error here, and, second, that Rb has no satellite series. There are
two additional considerations pointing to the same conclusion. One is that, if a
satellite series exist, the doublet separation for D (2) will be considerably less than
the normal (237). Now B.’s two lines n = 15410, 14830 (those now taken to be D,
and D,) give 25373, about 40 A.U. above the normal ; whereas, if there were satellites,
it should be expected to be somewhere about 40 A.U. less. Although B.s actual
wave-lengths in this region might possibly err to this amount, it is not probable that
the difference of two lines so close should be wrong to the extent of 80 A.U. as
they would be if satellites existed. The other reason against Rb having satellites
1s considered later in p. 86. The agreement of the formula with observation for the
whole spectrum when no satellite is supposed is remarkable. The values are given
for this case in the Column Rb II., and for the case of satellites in Column Rb L

CsP. K.R. have only three lines, of which one alone is good. R. has given from
P(2) to P (9); L. has given P (1) with » = 553. R. practically agrees with K.R. for
P (2), but deviates in P (8) from them by four times their estimated possible error (‘1)
The observations of R. were made with the oxyhydrogen flame, and the spectra were
probably better developed than in K.R.’s case. To compare the two, I have calculated
out the doublets, taking » = 553 for the first. For this purpose any approximate
formula will serve. The result is 553, 184, 842, 45'5. K.R.s give 18107, 802,
411, and R.’s 1808, 82°5, 45°3, which favours R.’s values for P (8) and P (4). I have
therefore calculated constants from R.’s P, (2.8) and L.s P, (1), and those for P, from
P,()=P (=), L’s P,(1) and R.’s P,(2). In the table I have entered the
deviations from K.R.s values for (2.3.4). Really, therefore, for our formula the
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apparent deviations are the deviations between K.R. and R. I have entered them
thus because K.R.s observation errors are entered, and it would be misleading to
enter 0 against them. It reproduces the whole of RAaMAGE's results very closely.
Rz calculated from L. and K.R. His difference for P,(2), though actually greater
than the limit, is probably not due to the form of his formula, but to K.R.’s errors,
and should not be counted.

CsS.  Here 8;(8) is by L., S(3-5) by S., and S (4-7) by R. The values of S (3.4.5)
of SAUNDERs corrected to constant » = 553 were used to determine the constants.
There are no estimated possible errors to compare with. S (2) by B. gives » = 582°08.
If his readings share the error equally, then the difference between observed and
calculated wave-length is 74. Tt is probable that this is chiefly due to imperfection
in the formula. Ri1r1z has given no formula for this series. :

CsD. The D series differs in Cs from the other elements in the clear possession of
satellites, and consequently there are two distinet series to find, D;; and D, no
longer differing by the same amount. The form m = 1+f gives the best result. The
tabulated numbers are those determined for the D;; and D, series, as the D, are
always stronger lines than the Dy, The formula calculated from the Dy, lines (the
so-called satellites) differs only very slightly from that calculated from D,. They
should, of course, be the same (limits excepted). If the values of N/D? for m =1
(the top line) be calculated from the two formulse they are found to be respectively
1713486 and 17140°64. They should be the same; their mean is 17137°75. The
difference between VDy, (2) (17040°68) and this is 97°07. The significance will be
seen when the additional series are discussed. ’

The table also contains the corresponding deviations for the Li spectrum, but the
consideration of details is better postponed until that element is dealt with specially.

The following list of excessive deviations of the formula is excerpted from Table I.
—only in place of the actual deviations the ratio of the deviation to the maximum
allowable is given :— ,

H. R 0

LiP (3) 23 KP, (5) 2 KP, (5) 1
LiP (4) 2 KP,(5) 18 KP, (5) 4
LiP (5) 1'6 LiP (5) 2 | KP, (6) 2
LiP (6) 1-2 KP, (7) 12
NaP, (2) 1 KS (2) 16
NaP, (3) 2 RS (4) 4
NaP, (5) 1'3 KS (5) 15
NaP, (6) 2:2 KS (6) 11
NaS (4) 25 KS (7) 11
NaS (5) 1'3 RbP, (4) 2
KP, (3) 4 | RbS (4) 9
KP, (3) 4 RS (5) 10

KP, (4) 16 CsP, (4) 36
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The case NaS (6) is not included, as there is strong evidence that the readings are
not correct. There is some indication also of the same for KP(5). The formula is
bad for the top line of the KS series, and this must be specially considered in the
sequel. With this exception the agreement is remarkable.

Preliminary Discussion of Formule Constants.

Table II. gives the various constants determined under the conditions described
above. The possible maximum variations are given in all cases where K.R. give
possible errors of observations. Where these are given in brackets the numbers show
how the last digits in the constant ave affected. Thus in NaP p = 1'1486784(477).
This means that u may differ from 1148678 by any amount less than 1000477. It is
to be understood that in any one formula the top and bottom signs go together.
Thus if NaP (o) be taken as 4144676+ 169, u must be 1'148678—-000477, and so
on. It should also be noted that the variations in P, u, o are not necessarily pro-
portional, ¢.e., if the error in P ( «) is one-half of 169, the corresponding errors in u, &

TaBLe II.—Formulse Constants.

A

%

S

THE ROYAL A
SOCIETY

OF

PHILOSOPHICAL
TRANSACTIONS

P.
P (o). . a.
4144676 +1-69 1-148678 T (477) ~ 031776 + (407)
1-626740 F (33) 2-116902 ¥ (70)
Na . ..
1-147878 5 (477) — +031716 + (407)
2-116162 F (70)
35006°21 4155 1-296480 F (1492) — 062511 + (2548)
1-770032 F (25) 2233969 + (1056) ,
K. .
1-293459 F (1492) ~ 062418 + (2548)
2-231041 + (1056)
1-20 443 427
3368750 +2-09 1366399  (1140) —~ 074554 + (1519)
e 32 16
Rb . 1804344 F (53) 2291845 (379)
1-353346 ~ 074382
2978964
31400-16 + df 1450967 — +090077
Os 1-868908 F (297) d¢ 2360890
‘ 1-419166 —~ -090766
. CCX.—A. L
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TaBLe IT.—Formule Constants (continued).
S.
S (o). e a.
2447211+ 3-84 -655793 F (5368) - 026281 + (13725)
Na 2-116986 F (165) 1-629512 +(8357)
v=1711
2196338 £ 318 -825786 T (5155) — 047604 + (13846)
K 2-234625 F (161) 1-779182 + (8691)
v = 5787
+4-46 — (9438) +(25504)
[ 2086973 — 346 -876910 + (5702) ~ 061870 — (8380)
Rb .. .J —(245) +(16066)
‘{ 2+292426 + (190) 1-815040 — (3178)
v = 23798
1967148+ ¢ “957661 ~ 072041
Ce 2+361214 T -00006¢ 1885620
v = 55396
D.
D(w). e a.
2446709 £2-77 1-988393  (1566) -001638 + (1206) D
Na 2447168 + 348 -984712 +009521 v
2448470 £2-77 1-988038 -001740 Dy,
+(5100) — (17150)
2197167 - 485 +690743 — (31446) *306864 -+ (103360)
K. ... .
, +6°64 |
2196333 1-713039 - 168437
(| 2087645537 +621384 F (12409) +240186 + (39684)
I ~(9796) +(7513) .
Rb .. .4|  20874-8144-8 1636355 + (13258) 137577 - (16111) }Sate”“e'
L 2087437 1-637432 -134888 No satellite.
19673-31 -529963 -013957 b
Cs . . 1967426 1-529196 -009481 -
-521795 -009248 Dys.
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are not necessarily one-half of —(477) and +(407). The variations given are the
greatest allowable subject to observational errors alone, and the assumed value for N,
but that they should be so great as these must be regarded as highly improbable.
The variations for KP are so large because the constants are determined from
P (2.8.4) instead of P (1.2.3), a less accurate value of P (1) being more effective for
correct determination of u or e than a more accurate one of P (2). Two estimates are
inserted for RbP (which were deduced from P (1.2.3)), the larger are based on K.R.’s
estimates of possible error, the smaller on L.’s estimate of probable error; the truth
probably lies between the two. Different positive and negative errors appear under
RbS and KD. This is due to the fact that small permissible errors were introduced
into the observations giving the constants in order to bring all the calculated series
within limits. The values of » inserted in the table give the values used in correcting
the two sharp series to a constant ». They are not the same as those given elsewhere
as the most probable values, but as they were used in the original calculations, and as
nothing was to be gained by recalculating, they are left as they were.

The first column under each series gives the value of the limit A ; the top number

being its value and the lower the value of the D when it is written in the form N/D2

Thus in NaP P (o) = 41446°76+1'69 = N/(1'626740F 000033)%.

The third line under P gives the wvalues for P, on the supposition that
P;( ) = P,(»). The top number in the second column gives the value of p and

the lower the value of the denominator when m = 1, v.e., the value of 1+u+a. Thus
in NaP,

= 1148678+-000477 and the denominator of P, (1) = 2:116902+000070.

The variations are, of course, subject to the correct value of N being 109675 and to
m being integral. Alterations in N or taking, say, m to be m+'5 would produce
further consequent alterations in A.

Relation (D).—An inspection of the values given for S ( o) and D ( ), with their
possible variations, show that in all cases their values are the same within limits of
observation,

Relation (E).—The equality of P; () and P,( ) is so far justified by the fact
that its assumption in ca;lculating P, gives constants which reproduce the observations
within possible errors. There is, however, still room for doubt as to exact equality,
owing to imperfection of data. )

Relation (F).—Viz.: S(w) = VP (1). If S(o) be written in the form N/D” and
D be the denominator of P (1), this relation involves the equality of D and IY. The
values are given in the table. From them we get the following values of D'—D :—

Na. . . -000084+-000235 Rb. . . '000581-—.'000624}
K . . . 000656+-001217 +-000569
Cs . . ., -000324+ ?

L2
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All are easily zero within limits of observational error. It will be further necessary
to discuss whether the alterations called for will affect the permissible exactness of
the formulee for all the lines. Its discussion is bound up with that of the next
relation.

Relation (G).—Viz.: P(w)=VS(1). As before, write P ()= N/D? The
table gives the following values of D—-D’ :—

Na. . . -002772+-008390 . Rb. . . '010696+‘016119}
K . . . 0091504008716 —003210
Cs . . . 016712+ ?

This at first sight appears distinctly against the truth of (G). Taking the actual
errors of observation in the three lines used to calculate the constants of P to be
respectively p, ¢, r times the possible amounts, and p’, ¢/, # to be the corresponding
ratios for the S series, the constants of the formule were determined in terms of them
as explained before. Then the conditions (F) and (G) were imposed, and the question
discussed whether it was possible to satisfy the equation by values of the p’s,
numerically less than unity. Starting with Na, the result was that it was impossible.
As, however, this might be due to the fact that another term was required in the
denominator, the work was repeated, using the formula D = m+p+oafm+Bfm?. As
we have seen above, NaS (6) is in all probability a bad reading. If this be put aside,
it was found that it would be possible to satisfy the conditions and still bring in all
the other lines within observational errors. For instance, putting » =+ = p’ = ‘5 and
¢ = 0 (p, ¢ have inappreciable effect) gives

. . 2
For P, n = 41446'44—N/{m+1'149427 _ (033851 + 001352} )

m m?

. . 2
L S n= 24473'75-N/{m+ 652800 — 014424 _ 011695} :

m2

These satisfy both (F) and (G) exactly, and reproduce all the lines (S (6), of course,
excepted) well within the limits of error. In S it is to be noted that the «, B8 are
practically equal, and that B for P is negligible, i.e., so small that a very small error
in one of the determining lines would wipe it out.

The case of K was then discussed. Again, the relations could not be satisfied with
the form p+a/m, and the work was repeated with a/m+B/m? As in the previous
case, it was found possible indeed, but it was now necessary to take P (1) close to
K.R.’s value instead of that of L. It could be done, for instance, by putting p = ‘11,
pl=—¢=7=—:35,and ¢ =r=0. This gives

. . 2
For P, n = 35006-05_N/{m+1~296929 _ 06;‘;312 + 001909} ,

m2

2

» B on= 21965‘21—-1\1/{”24— 820947 — pos

025714 '025656}2
p” .
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These bring all the lines (P (5), S (2), excepted as before) well within the limits of
error. Again, it is to be noted that in the S formula & = 8, and the 8 of P is negligible.
The fact that this relation occurs twice suggests its being a real relation, and not due
to the chance choice of the suitable values of p, ¢, , &e. The limiting errors in the
cases of Rb and Cs are so wide that it did not seem worth while to discuss them in
the same detail, especially in view of considerations which will appear later. The
evidence so far is strengthened as to the correctness of (F) and (G) in fact; but, on
the other hand, the impression is intensified that there is something not quite correct
with the form for the S series. RiTz uses m+'5 instead of m, although there does
not seem any experimental evidence in its favour. As a fact it can be shown that the
use of m+5 in place of m in our formula makes it still more difficult to fulfil
conditions (F) and (G).

(H). The difference between the p's of S and P.—If we write down the value of
pof P—u of S, we get

Na. . . . +492885+ (5800) or between ‘498685 and "487085

K . . . . 470694+ (6647) ,,  ,  -AT7841 ,, ‘464047

Rb. . . . -489489—(10578) ,  , 496331 , -478911
+ (6842)

Cs . . . . 493306+ ?

‘487 would include all except K. The values point to the possibility of there being
a constant difference, if the correct S formula be found. Also it shows conclusively
that such difference cannot be *5, a supposition which has suggested the idea that the
P and S are similar series, P with even numbers and 8 with odd. The supposition,
moreover, is not borne out by the evidence of other spectra. It is very nearly *5 in H,
‘153 in He/, 445 in O. The S( o) is always very close to VP (1) wherever it can be
tested. If this hold for Mg and Ca, the difference in their cases would be about ‘34
for Mg and 31 for Ca; Zn, Cd, about the same. There are clearly no valid grounds
for the supposition in question.

(I). The D’s of P.—A first inspection of the values of u given in Table II. makes
evident a remarkable approximate relation between the values of u—1 of the various
‘elements. They may be written as follows :— ’

Na . . . 2[074339+(238)] Rb . . . 5[073280+(228)]
K . . . 4[074120+(373)] Cs . . . 6[075161+ 2 ]

The possible variations show that, with the exception of Rb (which, however, very
nearly falls in with the others), the values of w—1 are multiples of a number not far
from ‘074. The case is not really so strong as it looks, for the limits of variation are
almost certainly much less than the maximum possible (which has been mentioned
before). On the other hand, the relation is so close that a more correct value of N or
the true form of the formula might well make the ratios exact. It is clear that the p
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have no direct relation to the atomic weight, but depend on some other physical
property which obeys a similar law. In searching for such property it occurred to me
to try the atomic volume, and I found an almost precisely similar relation for these.
The densities of the alkalies are not so exactly known as those of other metals, and,
moreover, they ought to be compared at corresponding temperatures. If, however,
they are compared at about 10° to 15° C., and the values used which are given in
Lanxport and BORNSTEIN'S tables, viz. :—

Li = 593 Na = 9743 K =875 Rb = 152 Cs = 188

the atomic volumes come out as follows :—

Li =1181 = 1x1181 Rb = 5605 = 5x11-21
Na = 23606 = 2x 1180 Cs = 70584 =6x11'76
K =44617 = 4x11'15

As the density of Cs is taken near its melting point it is too small, and we should
expect a rather lower value for its atomic volume to compare with the others.

To settle whether the atomic volumes are multiples of the same number requires a
more exact determination of densities. Mr. SWANN is at present investigating this

question.

The values of af(u—1) are
Na . . . 2123%(6) Rb . . . -2035+(85)
K . . . -2108+(75) Cs . . . 1997+ ?

They indicate the same value for the ratio (‘2120), but only by stretching Na and
Rb to the extreme limits. It is noticeable that the ratio as determined from the
most proBable value continually decreases with increasing atomic weight.

When these relations were first observed the w for K used had been determined on
slightly different data, and the value of p—1 was 4(-073984+), well within the
maximum limits above. In this case the series of values of p—1 showed a superficial
agreement with the atomic volumes, but it was not possible to correlate them with
complete exactness. It was attempted to do so by adding a constant to p—1. It
was then found to give good agreement if this constant were about ‘014. In other
words, add ‘014 to the fractional part of p and deduct it from the integral, s.e.,
instead of writing p = 1+f, write p = *986+{; then this fraction was proportional to
the atomic volume. It will be remembered that the difference found between the u’s
of the P and S series was about ‘487, so that the ws of P and S are of the form
987 +f and ‘5+f This agreement for about ‘987 from two lines of agreement
strengthens the case for each.

Again, if the values of aff (u = *986+f) be calculated, there results

Na . . . 1951k Rb . . . ‘19514
K . . . 1975« Cs . . . 1937T%
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a much nearer approximation to equality than before; in fact, ‘1950 well within all
limits. . A

We are therefore led to surmise that the P series of all the alkalies can be
represented by a formula,

VS (1)-N / {m-+986-+ kxatomic volume <1—%7?%_5.’)}2,
the numbers inserted being only very roughly approximate. In other words, the
knowledge of four constants (N, 486+ ? ‘1954 ? and k) gives all the lines of all the P
series of the alkalies (Li not considered).

On the other hypothesis, viz., the excesses of p -over 1, exact multiples of a
constant, and the ratio of a/(n—1) also a constant, p+a—1 ought to exhibit a similar
relation. Now p+a is determined with a far less error than either w or & separately,
and hence the values of w4« ought to show the relationships more clearly. The
respective values are

Na . . . 2[058451+(35)]  Rb . . . 5[058369+(3)]
K . . . 4[058492+(264)] Cs . . . 6[060148+ ? ]

which is very strong evidence in favour of the multiple law for the first three at
least.

The limits of possible variation are so close, the exactness of the equality within
those limits so absolute, that there can be no doubt that the relation is an absolute
law. We have found already that the same law is indicated for w and «, but with
greater deviations; in the case of Rb outside the permissible limits. It is clear,
therefore, that the inequalities of p and a must counterbalance one another when
m =1, v.e., there is probably a term «(1—1/m) in addition to the term sb (1—c/m).
(Here and for the future s stands for the integer proper to the particular element,
2, 4, 5, 6, b for the factor, and ¢ for the constant ratio of & to u—1.) Later, evidence
will be given of a new type of series (the F sequence) based on an atomic weight term
which (and multiples of which), as will be seen immediately, determines the second
(or second and third) of the doublet (or triplet) series. The values of these terms are
determined in the next paragraph. If « in the above be taken, one-half of these
values, and deducted, it will be found to give the perfect agreement required for Na,
K, and Rb. If W denote this atomic weight term, W for the four elements are
000370, 001466, 006444, 016267, and the values of D for these elements are then
1-W (1—1/m) + the following terms :—

Na. . . . 2{074524+(238)—m™'[-016073+(203)]}
K. . . . 4{074486+(378)—m™[015992+(637)]}
Rb. . . . 5{074569+ (89)—m™'[016199+ (85)]}
Cs. . . . 6{077872+ (?) —m '[017724% (7 1}
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For the first three, the factors are easily equal within limits, say *074560—"016120/m.
If we remember that the limits for Rb were based for P (1) on LEEMANN'S estimates
of error, which are rather too small, we may represent the degree of closeness of the
above numbers by attaching a possible error of about (80). With the above numbers
the ratio af(p—1) is *21521. The formula for Na, K, Rb, is therefore

pt L =1-W <1-l) +‘O745603<1— '21521.>
m m

m,

with uncertainties in the two last digits in each number. The new arrangement has,

however, thrown Cs quite out of order. Not only is the factor too large, but the ratio
of a to it is also too large, viz., "2276. If the term in W be omitted

. . 2

pt = 6 (-075161+7) <1-~2—0—90—1'>.

m m

To bring this into agreement with the above would require a change in u of about
*003600, which might just be possible. As we shall see later, the series appear to
depend on fundamental types in which w=1—pW where p are integral. It is just
possible that in Cs the type changes from one to the other. '

The preceding arguments may appear unsatisfactory, as they apparently lead to
two different results with equal evidence, but there is reason to think that if the
values for the atomic volumes are known with greater accuracy, they will be found to
agree. If not, then the second argument stands, and the former falls, as based on
incorrect values of the atomic volumes.

(J). The D’s of P,,—A glance at the table shows that the & are practically the same
for both P; and P,. The doublet separations, therefore, are due to a change in u alone.
In determining the values of u,—p, use may be made of the values in the table; but
as the doublet separations are much more accurately known than the wave-numbers
of the lines from which the constants have been determined, it will be better to
calculate the differences between the D’s of P, and P, on this basis, assuming the
D of P, (1) correct. Any small error in the latter will have an infinitesimal effect on
the difference in question. Taking the following values of » as the most probable,

Na=1710+1, K =5787+1, Rb=23678+4, Cs=552+2,

and taking N = 109675, there result for the differences of the D’s of P, and P,

Na. K. Rb. Cs.
'000744:I;(4) '0029331(50) ‘012887i(215) ‘0324351(116)

or

(01406 (-23)° (-01920+(88)) (‘3910)* (-01765+(30)) ('8545)* (01839(7)) (1:328)*
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We might have expected that the differences would have come out proportional to
the squares of the atomic weights. It is not so, however; nor is there a regular
progression, as the order of increase is Na, Rb, Cs, K.

In the original calculation the limits of P, were found from the observations, and
not by making P,( ) = P, ( »), except, of course, for Na, where only two lines of
NaP, had been measured. In this case the difference of the D’s of P, and P, involved
a as well, and an inspection showed that the ratio of 8 to Su was about % for K,
i for Rb, and % for Cs. If this apparent rule be made exact and put in the form
kw’[1—1[m (s—1)], where s, as before, denotes the element multiple, we find the
following values of £ :—

K. . -01439+(22); Rb. . -01412+(28); Cs. . -01532+(6),

whilst the result for Na is ‘01406« without a term in 1/m. This points to the
probability that the change in u is accompanied with a change in a, and that the
change in w is a constant multiple of w«?® whilst the change in « depends in a more
complex way on the properties of the element. The term 1—1/m (s—1) looks like a
first approximation from a complete formula. In many cases, for instance, the form
of denominator m +u+af(m+p) reproduces the lines with great accuracy. If the p
were decreased by kw® the change in D would not be in a constant ratio to w? but
would involve « and u, 7.e., s. The doublet separation is given by the difference,
when m = 1. In the approximation arrived at above it is ‘0141w* for Na,
and ‘0141w’/(s—1) for K and Rb, and Cs, but second order terms are required for
the large w?® of Cs.

(K). D’s of S (o0).—Since the S(x) are very close to VP (1), we should expect to
find a similar relation between the D’s of S( ) as for the P series. The actual
numbers are, writing down only the fractional parts,

Na = 116986+ (165) = 2058493+ (82)]

K = 234625+ (159) = 4058656 +(40)]

Rb = 292398+ (218) = 5['058480 +(44)]

Cs = 3612144+ ? = 6060202+ 7 |
but there is here an additional uncertainty owing to the fact that, in calculating the
S series, the means have been taken and the S,( ), S,( ) determined from their
means by an estimated value of ». The limits of the D series are much closer to the
VP. Naturally, therefore, they bring out the relationship rather more clearly.

(L). The D’s of S.—The w's of S, as we have seen, suggest that we have to do

with u = 5+f  If we write down the fractions, we get

Na . . . ‘155793+(5368) = 2['077896+(2684)]
K . . . '325786+(5155) = 4[*081446+(1289)]
Rb. . . '376910—(9438) = 5[075382—(1888)

+(5702) [ +(114o)]
Cs . . . 457661+ ¢ =6[076277+ 2 |

VOL. CCX.,—A. M
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The numbers do not suggest the relationship so strongly as those of the preceding
cases. The limits, however, are so wide that it is the only one in which the absolute
identity of the common factor is possible without overstraining them.

The values of the a are for all the elements less than for the P series. They are,
for the elements in order,

2['01314+(686)], 4['01190+(346)], 5[01257+(510)—(177)], 6(-01200+ ?),

or easily *0120 within limits of error, but the limits are wide. The ratios of a/(u—"5)
are *0170, "0140, ‘0164, '0140. They are not constant, but their irregularity points
to a want of law in deviations from equality, or, in other words, that equality exists
in the true formule. There seems something defective in the form for the S series,
as has already appeared in its failure to give the first lines S(2), as well as to
reproduce the values of P ( ) exactly.

The Diffuse Series.

The observations for the D series are not sufficiently exact to enable such certain
conclusions to be drawn as in the case of the other two types. Besides, there seems
at first sight to be a change of type as we go through the group of elements.
Satellites clearly show themselves only in Cs. There is some indication of satellites
in Rb, but, as we have already seen, there is considerable doubt as to their actuality.
K shows no sign whatever of them. On the contrary, Na does, not by offering
satellite lines themselves, but by a regular increase in » as the order increases—a
point already discussed under the remarks on Table I.  The satellite series in general
plainly suggest an analogy with the P series, in which the P, lines are satellites to
the Py, and it is natural to search for series whose limits are the VD, (1) and VD, (1)
giving corresponding doublets. Working on this basis for the clearly defined satellite
series of Cs (satellites for D, (3.4.5.6) observed), we get two values for the N/D? of
the top lines of the formule determining them which give a separation of 97°07, and,
as we shall see, determine the limits of an additional doublet series. The satellite
series are more fully and more numerously developed in other elements than the
alkalies, and their general discussion is better deferred until the other elements are
discussed in a succeeding communication.

In determining the value of « the question arises whether w should be taken to be
a fraction or 1+f If u=1f, m =1 gives a line too far in the ultra red to have been
observed. The observations of known lines by themselves are not sufficiently exact
to decide the question-——as, e.g., in the P series. If we regard the doublet separation
of an associated series as determined by the top lines of its principal series, then, as
we shall see shortly, the evidence in the case of Cs points to the fact that the
denominator of the top line = 2+f, 7.e., p = 1+f; but there may be some uncertainty
here also in view of RyDBERG'S suggestion that each V of a series may form the limit
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of a new series—e.¢., not only is there the sharp series VP (1)—VS, but there may
also be VP (2)—VS. Rirz has given several examples of this. As the matter is
thus open the formula as determined on each supposition is entered in Table IL.

In the P and S series « is negative. It is positive in the D series, not only in the
alkalies, but in other typical D series; in fact, so general is the rule, that if any
new series gives a positive it may be taken at least provisionally as a D series.

(M).—If we write down the values of w of P+p of D and of p+a for D, we find
the following :—

P+ - et o
Na . . . 2126987+(1164) - 1004918
K . . . 1987273+(6592) '997538—-(17150)
o —(32938) +(103360)
Rb . . . 1-987783+/(14827) 861570+ (27275)
Cs . . . 1980930+ ? 543920+ ¢

The numbers for Na look abnormal. We shall see later that the D series here
belongs to a sequence of a new type, for which the notation F is proposed. It need
not, therefore, be here further considered. The values of u,+p, for the others point
to a constant value, which suggests that p, is of the form A+B and p, of the form
ATB. Now we have seen that u, is of the form A—B. If we calculate the values
of A+B we get the following values for K, Rb, Cs, using the mean value of b,

viz., “074560,
700294, 620756, "536373.

The first two agree with the values found for p, for K, and Rb well within the
limits of error. The third is obtained on the supposition that the atomic weight term
is W as for the others, and it is clearly too large. But in the P series we saw that
apparently the W term had fallen out. If this missing term be put in here, i.e., 2W
deducted from unity in place of W, the value of u comes out to '520205, well within
permissible limits of the p of Dy, or Dy, The p of Dy, (2) is 1008168 greater than that
of Dy, (2) as calculated from the observed lines (see Table IT ). Now 008109 is £ W.
Hence, with the satellite series of Cs, the D’s are given by

| =

\
m+1—3W <1 - ) —6b for Dy,
m '
/}n+ 1—4:W<1 - %) —Gb fOI‘ D12 or D2l)

the values for K and Rb being
m+1—W <1— }—> —sb.

m
The cases of K and Rb, both for P and D, falling into analogous forms, while in
that of Cs both P and D show a difference, although depending on the same kinds of
M 2
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constants, forms another argument in favour of the view that Rb and K actually do
not possess satellite series like Cs. They have not been observed—not through the
observer’s fault, but because they do not exist.

The limits of errors are so much wider in the case of these series than in that of
the P that the evidence in favour of the above is not, perhaps, so conclusive as for
the latter. I think, however, that there can be no reasonable doubt that it is correct
in the main. It is quite possible that, in place of unity from which the terms are
deducted, the true quantity may be a number near unity for the alkalies.

The values of a are so uncertain that it is hopeless to expect to draw any safe
conclusion from them, beyond this that apparently the simple law observed in the
case of the P series does not now hold. For K the value of D is very close to

1—W<1—1—>—4b(1—1-.>.
m \ m

\

For Rb 1t may be written

1—W<1—%§>—5b <1— l)—i]-%m‘l—%ﬁ@.

m

For Cs the @ is very small for both satellites and practically equal, the D’s differ
only in p. The constitution of « for D must therefore, unfortunately, with the
extremely inexact measurements, be left unsettled at present.

Other Associated Series.

In discussing the remaining observed lines of the alkalies not included in the three
typical groups, it will be simpler to take the elements in the reverse order, commencing
with Cs.

Cs. The lines to be accounted for are the following, in which the letter refers to
the observer :—

18711 B. 10127 B. 808202 L. 72805 S. 68726 b}
' 69 R..
v = 9746 9625 9820 9738
10028 B. 801962 L. 792288 8.1 68269 b}
7108, 746 L. 9 1.
6630°5 S. 6475 S. 6359 S. 5209 R.
2 R. 8451
9727 9838
6588 S. 6434 S. 6325 S.
3 R.

In the above » denotes the difference of wave-numbers of the lines above and below
it, the top line being taken when two observers are in question. The pairs are
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recognised as forming a doublet series. We have seen that this value 97°1 is the
difference between the D;; (2) and Dy, (2) calculated from the formula, D (2) not having
yet been observed. It is natural, therefore, to look to the D series as generating
those in question in the same way as the S depends on the P, i.e., the limits of the
new series should be VD, (2) and VD, (2) or VD, (2), t.e., about 17000. If we
employ this, however, it is at once seen to be too large. If the lines 8082, 7280, 6872
are used to calculate the constants, there results

N = 1678352 (+»)—N/(m+1:038603—m™" x 2195392,

which is of the S type. The formula does not look right, the limit is rather far from
VD (2), and, moreover, it is the first case where there has appeared a value of u—afm
which passes from <1 to >1 as m increases. The formula which bounds, so to say,
the change from the S type to the D type, 2.c., « = 0, and satisfies the two lines
8082 and 7280 exactly, is

16810—N/(m+ 9682952,
and it gives a better agreement with the other lines, as is shown by the following

table, in which only the values for the first of each doublet is given for the former
formula. The differences are for obs.—cale. and v is taken to be 975 :—

. 3. 4. 5} 6 7. 8 9
Form 1 - 63 0 0 0 1-45 S. -3 S. -12-8
Form 2 -26°5 B. 0 L. 0S. 1:36 R. 1:90 R. —- ‘24 R. - 715 S,

-26'5 B. 2-30 S. 75 S. -02 8. - *90 8.

For the last, the measurements of S give v = 84'5 or 13 too small, 7.e., a wave-
length difference 52 A.U. too small. If the second line is correct, showing good
agreement with the formula, the first would therefore be —2 wrong instead of —7-15.
As is seen, the second formula gives extremely gooa agreement. If the limit is
higher than 16810 the series becomes a D type. In these inexact measurements,
however, it is probably best to use Rypsrre’s form without the «. Even now the
limit is not that calculated for VD (2); there may be a small error in the latter, but
hardly to the extent of 200. We may feel as certain, however, that the limit and
VD (2) are the same as for the corresponding case of P ( ) and VS (1), in which the
“error” is also considerable. The strongest evidence is in the striking fact that the
Dy, and D,, series generate the doublet separation. For m = 2, A = 22920, which
would be far outside BERGMANN’S region of observation.

The only lines now left unaccounted for in Cs are 13711 B. and 5209 R. The wave-
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number of 13711 is 7291°4. VD, (2) = 17040* roughly, VP, (2) = 31400—-21764°7
= 9635'3, so that VD, (2)—VP,(2) = 7405. There is just a possibility, therefore,
that 13711 may be the latter; but, if so, it is curious that the P, should come in and
not P, which we should expect to give a stronger line.

Rb. The lines to be accounted for are 13442 B., 10069 B., 8872 B., 8271 B,
851326 L., 6306'8 R., 516535 R., 4967 R., to which should possibly be added that
hitherto supposed to be Dy, (3), viz., 775358 L.

The first four form a series. Using the first three for the constants, there results

n = 14295—N/(m+104968 —m ™ x "15177)"

This reproduces the fourth with an error 10 A.U., which is not excessive when the
inexactness of the whole measurements is considered, but they are sufficient to settle
that the limit is close to 14295. The value of VD (2) as calculated is 14270.
BrreMANN'S value for D, (2) has a wave-number 6487, which with the reliable value
of D, (o) = 20876 gives VD (2) = 14389, but we have seen that Beramann’s value
is probably considerably wrong. The evidence, however, is sufficient to indicate that
Rb also has a series in which the limit is VD (2). The corresponding series in Cs
was a doublet owing to the D series having satellites. The absence of duplicity here,
therefore, favours the view put forward on other grounds, that RbD is not a satellite
series. On the contrary, it is possible that, if there were a doublet series, the doublet
separation would be too small for BErGMANN to have separated : for instance, he did
not separate NaD (2), which he observed as one. The formula gives the next two
lines to be 79386 and 7720°6. The first, allowance being made for its uncertainty,
probably comes close to 7950, which is RbP, (1), and the latter may well be 7753, the
line which has generally been taken to be D, (3), but which we have had reason to
suppose not to belong to the D series.

The lines 851326 L., 63068 R., 4967 R. satisfy the equation

n = 21703—N/<m+ 1:350891— for m = 2.3 and 7.

-0651534_>2
m
The N/D? is practically the same as for the P, series. The missing members should
be at 5602, 5270, 5084. The first has not been observed, the others are in the
neighbourhood of D, (7) (5260) and D,(8) (5089 R. or 5088 8.). The limit
21703 = N/(2:2481)%, so that it is not apparent how it arises. The arrangement
does not give much confidence, although the connection with P, is curious.

Of the other line, 5165 R., SAUNDERS has pointed out that it is near the edge of a
carbon bond, and is therefore a doubtful Rb line.

¥ 17040 is extrapolated from a not very accurate formula. VDy; (2) is probably somewhat greater than
the limit in the series just discussed, viz., 16810, making VD3 (2) about 16910, which would give
VD3 (2) ~ VP2 (2) = 7275 + % agreeing.
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K. The K lines to be accounted for are the foliowing :—

272150 P. 4829  R.

270656 P. 48088 L.D.
F 151658 P. 4767  R.
F 110280 P. 4642-35 R.
F 9590 B. 5 8. }
F 8908 B. ‘
F 8500 B. 46386 R.
F 79318 8.

The lines marked with F form one series. - The constants calculated from the first
three (third inexact) give

13522°81 —N/(m+ 907393 +m ™" x -211692).
This reproduces the lines with the following values of obs. —calec. :—

m 3 4 5 6 7 8 9 10
0 0 0 225 149 27

The lines corresponding to m = 8.9 would be 82329, 8059°6, which lie below
BeramANN'S lowest region of observation and SAUNDERS upper limit. PAscHEN'S
two observations are good, BERGMANN'S may quite possibly err to the amount
indicated.* There can be no doubt about the series—the formula is only doubtful in
so far as the third line from which it is determined may be several units out. The
value of the wave-number of D (2) is by PAscHEN'S observation 8496°63+36. The
limit of the D series is 21966°82+6'64 (see Table 1.). Hence the value of VD (2)
is 21966'82+664—849263+36 = 13474'19+7. The most probable value is
219728492 = 13480. The limit of the series as found is so close to this that there
is some justification in taking it to be exactly so. If this be assumed, there are
three reliable data to go upon, viz., PASCHEN’S two lines and the limit. These give
the formula

n = 13480 —N/(m+ 966367 +m™" x "071808)?
giving the following values of obs. —calc.:—
0 0 —10 +4 —38 —22

The agreement is much better for BEreMANN’S lines, but the last is too far out to
allow 79318 to be included in the series, nor can this be set down to uncertainty in
the constants if the supposition of limit = VD (2) is exact for the kind of formula.
If it be remembered that, so far as the matter has been yet considered, the value of
P () is never exactly VS (1), and that a similar cause for the apparent difference
may occur here, we may still hold that in fact the limit is the true VD (2), but that
the first formula is the most correct to use with the actual form of the formula

* E.g., in the lines 27215 and 27065 his differences from PASCHEN were — 116 and 16.
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(which involves a particular value of N). This gives a better agreement, and clearly
brings 7931 into the series. If we employ RypBERG’S formula,
n = 13458 —N/(m-+ 996672,
0 0 —15 —4 —~13 144,

clearly the limit is too low. PASCHEN has pointed out that 270656 and 27215 are
respectively VP, (2) ~ VS (2) and VP, (2) ~ VS (2). How closely this is the case may
be illustrated by calculating these values with the limits of errors. VP, (2) and
VP, (2) are 1028684 and 1030559, with possible errors 1-73. Using the calculated
limits of the D series (Table 1.) and PascrHEN'S value of S(2), the value of VS (2) is
13980°16+3'82, giving respectively from the above relations 8693:32+5'5 and
3674:57+5'5. The wave - numbers of the actual lines are 3694:02+°14 and
367374427, Still it is a single agreement, and might possibly be fortuitous. 'The
measurements of wave differences are much more reliable than those of actual wave-
lengths.  Now the difference for the two lines in question gives v = 20°28 441, with
PascuEN’s estimates of his errors. The difference for P, (2) and P, (2) is 1875+ 386,
which is decidedly against the conclusion. In favour of it, on the other hand, is the
fact that a similar relation shows itself under Na. There is another unallotted pair,
464235 R. ("50 8.) and 46386 R., with a separation 17°40+4'5 d\, where d\ denotes
the wave-length difference error of observation. The first has a wave-number about
P(0)=VD(2), viz., 21534'92+4'5d\ as against 21532+7. It is difficult to see
where a doublet with » about 17 to 20 could come in unless the D series was a
satellite one, in which case the first series here considered should be a doublet one. If
s0, however, it would have been seen by PascHEN, who separated much closer lines in
the ultra-red Na spectrum. The other lines left over are 4829 R., 4808 L.D., and 4767 R.

Na. The lines observed in Na not belonging to the regular series are much more

with errors

numerous than in the other elements. The following is the list :—

233913 P. A, (3) 55327 8. B, (5) 46602 S.
233610 P. 17 K.H. 0 K.H.
22084°2 P. A, (3) 55282 S. A, (5) 46331 K.H.,
220569 P. 7.1 K.H. A, (5) 46294 K.H.
F (3) 18459°5 P. Gy (8) 5100 L. B, (5) 46295 S.
F (4) 126776 P. 4975°0 8. E, (5) 46255 8.
G, (2) 74183 8. L (4) 61 KH. E, (6) G, (4) 44725 S, }
G, (2) 7410 8. B, (4) 4973'0 K. 1L A, (6) 00 Lr
A, (2) 73774 8. A, (4) 49184 8. A, (7) 4872 S.
A, (2) 73694 8. 2 (4) 4914°0 8.
B, (3) 567592 K.R. E, (4) 49135 K.H.
By (3) 567040 K.R. T, (4) 49101 K.H.
4820 LE.
4730 L.
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From analogy with the preceding elements it is natural first to seek for the
presence of a series whose limit is VD (2). This is

24467°09+277—1219958+2 = 1226751 +4'77.

The lines 18459, 12677 fall in with this, but no others of the series have been found.
If the limit is actually 12267 the formula can be found at once. In all the other
cases, however, it has been slightly different. It will, therefore, be best to use the
old RypBERG formula, whence

0 = 12275'8—N/(m+998613).

The next three lines given by this are N = 10837, 9963, 9469, but these come in a
region in which there are no records. It is below BErRGMANN’S lowest and SAUNDERS’
highest. The limit falls about 8147, close to 8210, where SAUNDERs observed a faint
group. The latter might, therefore, represent the last faint lines visible.

The four lines above these in the list are doublets » = 5:54+3:28 and 550+ 92.
PascHEN points out that they satisfy the relations VP, (2)—VD (3), VP, (2)—VD (3),
VP, (2)-VS(2), VP,(2)-VS(2). To test this, as in the case of K, P(o) is
4144676169, P,(2)=30271'83+27, P,(2)=3026633 + 27, D( o0 )=24474°13+ 348,
D,(3)=1757528 +'46. Hence VP,(2)=11174:93+1:96, VP,(2) = 1118043+ 196,
VD(3) = 689885+394, VS(2) = 1570569 +4°'61, whence the wave-numbers com-
pared with observed would be

Calc., 4276°08+8°90, 4281'58+8°90, 4528'26+6°57, 4530°76+6"57 ;
Obs., 4273'98+1°82, 4279°52+ 146, 4526:94+0°51, 4532:55+0°41.

Here also, contrary to the case in K, the test as to doublet separation holds. The
observed » for the P (2) lines is 550+ ‘54, agreeing with the separations in this case.’

The lines marked with A in the list form a doublet series—» about 14-7—which
has been called LENARD'S series, who first discovered some of the lines, later measured
by K.H. and by S. The lines were arranged in the above order by SAUNDERS, who,
however, could not fit in any of the usual formule for it. The readings are too
uncertain for any definite assertion. If the first three corrected to constant v = 14°8
be used to determine the constants, each of the second doublet being means of K.H.
and 8., the resulting formula is '

n = 245706 — N/(m+1'013864+m™*x 281906),
854

giving the following values for obs. —cale. :—

m = 2 3 4 5 6

VOL. CCX.—A., N
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taking SAUNDERS' values, except for the last but one, where LENARD’S is taken,
SAUNDERS’ reading would give a difference about 25 greater, or 3°5.

When we consider the remainder, considerable difficulty arises owing to the
number of ill-defined lines so close together. In some cases K.H. and S. give very
discordant readings for doublets, which yet are so close that they look as if the
measurements might refer to the same lines, whilst in other cases the same observers
agree much more closely. It is to be remembered that apparently the method of
illumination has a great deal to do with the development of some of these lines in
the spectra—in fact, they appear to come from different sheaths of the flame or are, as
if it were a question of temperature. The doublet at 5675 was observed by K.R.,
and was the only observation of theirs which did not fit in with the ordinary series.
It is peculiar in being diffuse towards the violet. Diffuseness to the red is a general
peculiarity of the diffuse series. If we look for the seat of this diffuseness in the
formula, it would appear to lie in the VD part of the formula through diminishing
denominator., If a series were such that the VD came to the limit—as, for instance,
in many of the new series—the VD would be additive instead of subtractive, and
the change in the denominator would now produce a diminishing wave-length or
diffuseness towards the violet. RyDBERG’s tables show that this doublet 5675; the
doublet at 4976 K.H., and 4660 range near his formula. They give, if K.H.’s value
for the second is taken,

n = 245580 (+)—N/(m+ 89484 +m ™" x 2369) (v = 147, 12°1),

m being respectively 3, 4, 5.

On the contrary, if we take 7418 S., 5675 K.R., and 5100 Lk., we get a series
including in addition 4820 Lz., 4660 8. As LeNarD’s readings were very rough, we
may take the first and the last. There results

n = 23491-5—N/(m+ 133977 —m ™" x "06153)?,

giving for obs.—cale. :—

0 0 53 26 0,

which is sufficiently good agreement. The lines 5100 and 4660, however, have been
observed by LeNarD alone, and neither by S. or K.H. It does not look as if such
lines, if really Na, would come next to so marked a line as 5675 K.R.  The allocation of
these lines to one series is therefore very doubtful. It is against the former that no
other lines come in (a preceding line should be about 8025, and not likely to have
been observed if existent); but, on the contrary, the nature of the lines is more
correspondent, and it should be noted that the limit is within the limits of error of
the LENARD series. If the apparent agreement is real, the limit would be very close
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to 24558 in both cases. If the LeENARD series be recalculated with the limit
24552°6% ‘

n = 245526 (+v)—N/(m+1:02583+m ™" x *2631)

giving obs. —cale. :-—

0o 0 —18, +13KH, 118, 13 8,
—-2:2 8.
making the fourth lie between the readings of K.H, and S. The agreement is
improved.
There remain
74183 ;
o Jl S, 5100 Lm., 4820 L, 4730 Lin.,

and possibly the doublets in which K.H. and 8. disagree,

491351 46331

49101 4629'4} K.H.

Of these, 4918, 4633, 4470 are shown by RYDBERG'S table to have a limit about
24466, v.e., the S. and D. series and D’s respectively 5°155, 6:155, 7°155, which clearly
refer to the D’s of VP. To test this, find the differences between the wave-numbers
of these lines and the corresponding values of P, (4.5.6), and suppose K.H. and S.’s
values may have observational error 1 A.U. and LENARD 5.

Obs. for the P, 3729620 +139 38539°51 +1°48 8929890 + 1°54
K.H. 2034655 +4dx K.H. 2157790 +46d\ Lz 223652 + 5d\
S. 24-37 S. 9467 S. 5269
K.H. 16949'65}+5.4 16961'61}_ LE. 169337 }J_rzfs
S. 16971°83] — 1694484 — 1694621 + 65

The numbers would seem to show that where K.H. and 8. give doublets not
quite the same, that of higher wave-number must be taken. The differences are of
about equal value, and their mean is 169469 = 16947 +6 ; using this for other lines

gives :—
P, (2). P, (3). P, (7).
3027183 3504193 39793+3
16947 16947 ‘ 16947
13324+6 18095+ 6 22846 +9

13324 has not been observed, 18095+6 is near the LENARD 18084+3, 22846+9
is also near the LENARD line 22866'5 S. (A = 4372). The limit of the series is

* It was originally done with this, and nothing is gained by recalculation.
ginally g1s g y
N 2
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Py(0) — 1694746 = 4144676 £1°69—16947 +6 = 24500+7°5, say. This, of course,
suggests the same limit as the S. and D. series, which is 24472:11+3'84. But the
limits of error show that this i1s not the case, but that the difference is real. The
limit of S, is 17'1 higher, or 24489°21+3'84. Another 17'1 higher would give
24506'31+3'8. In view of the actual limit 24500+75, we might provisionally fix it
at 24506. The second line of the doublet would then be 24523-1. An additional
171 lands us on 24540°1, which is close to the 24550+ ? of the two series considered
above. These results can hardly be fortuitous. The limit of S, is generated by the
P, series, being VP, (1); the limit of S, is found from this by deducting the atomic
weight term, 2W, from the w of P,(1). The limits will therefore be generated by
writing p = '148678—2pW in P,, where p has integral values from 0 to 5, and
possibly to 7 (LENARD’S series), both inclusive. Ri1z has given the doublet series
just considered as VP, (1)=VP, (1), VP, (1)=VP, (m). We have seen, however, that
this cannot be the case.* Moreover, VP, (1)—VP, (m) for m =1 would give an
infinite time of vibration, and would suggest instability. In fact, the configuration

A A

-
A
I

THE ROYAL A
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giving this series, containing one very long period, is apparently very slightly stable.
It is possible that the VP, (m) ought also to be slightly different, but the observations
are far too inexact to settle this. -

Again, RYDBERG'S tables show that 7418 S., 5100 Lk., 4472 8. have denominators
.about 2'845, 3'845, and 4'845, with a limit 27026. Working from this they satisfy
the formula

PHILOSOPHICAL
TRANSACTIONS
OF

n = 27034'5—N/(m+-8358 +m ™" x ‘0148).

27034 is not far from the value of VD (1), which is 27282+52. But the interest
of this allocation lies chiefly in this, that its u is of the form we should expect for the
real D series, if NaD were formed on the same plan as for K, Rb, Cs, in which we
have seen that the w is 1—W—sb = '8505 with « undetermined. The closeness of
the agreement is chance; the errors in observation are too great to give p with
certainty, but it is suggestive.

A

%

< 4 It will be convenient, for reference, to attach letters to the various series just
2 considered. In the list the LENARD series is denoted by A, the second by B, the third
> P by C, although a very doubtful one, that parallel to P by E and the last by G.
2 : Collecting, we find
- 8 VP, (2)-VD (3) VP, (2)-VS (2)
e VP,(2)-VD (3) VP, (2)-VS (2)

F = 122753 {VD (2)} —N/{m+998613}* (m = 3-4)

A =245706|

| -—N/{m+ 1-013864+'28i2906

2
. } (m = 2.8.4.5.6.7)

PHILOSOPHICAL
TRANSACTIONS
OF

* Unless 44725 S. is 4 A.U. in error, which is not likely.
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B= 24558 2369

N/ m+ 89484+—m—~} (m = 8.4.5)

E, =8, (o)+2v—-VP, (m)
| (m = 4.5.6)
E, =8,()+3v—VP, ()

G= 27034'5—N/{m+ 8358+—(%1—8} (m = 2.3.4)

7= 23491°5— N/{m+1 3398 — 0235}

All the terms in af/m have little signiﬁcauee, as the lines are too uncertain to
enable a to be determined with any approximation. The only lines not allocated are
LENARD’s 4820, 4730, which have not been seen by any other observer.

Comparison of the Different Elements.—The first certain result is the appearance
of a strong well-developed series in the ultra-red, whose limit depends on the value of
VD (2), giving doublet series when VD has two values as in Cs. The limits, as
calculated from three observed lines, differ from the exact values of VD by amounts
increasing from Na to Cs in somewhat the same way as in the corresponding cases of
VP (1) and S (), and will probably be accounted for in a similar way. If the limits
are taken to be VD (2) exactly, the resulting formule are of the D type, as found
from two lines. Na and K give the D type, Rb and Cs the S type.

The observations are not sufficiently accurate to definitely settle this question.
Under the circumstances it may be best to use RYDBERG'S formule, 7.c., « = 0. In
this case the u is always not far from unity, and the limits are closer to VD (2). The
values of p for Na, K, Rb, Cs come out respectively ‘9986, 9965, -9798, ‘968, the
first two only being reliable as deduced from PAscHEN’s observations. Taking
his estimates of observational errors, the values for Na and K are respectively
'998610—-000343p+-0029869 and 996648 —-000519p+°000735¢ where p, ¢ are the
fractions of his possible error.

It is seen that they may possibly be equal, and the possible errors for Rb and Cs do
not contradict, that they also may have the same u—say, about '997. Its possibility,
also, may be further illustrated by finding the difference of wave-numbers between
the lines of K, Rb, Cs for m = 3 and m = 6, which have been measured for all three.

K . . . . . 11222:84+126b—6592:00+87 = 4630'84+21,
Rb. . . . . 12087°17+1'46b—7437'36+53D = 4649'81+ 32,
Cs . . . . . 145542248  —9871'92+-97b = 4682'30+24,

b denotes B.’s possible error. It has been taken about 16-—his actual error
" as against PascHEN in KF (4).
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It was my first impression that this would be the same for all the alkalies and the
‘987 of the earlier discussion. It would be the basis of a fundamental series for each
element, and the letter F which has been attached to it had its origin in this idea.
But Rrrz, who has discussed these series very fully and compared with those in other
elements, proposes to represent the denominators by the difference of the denomi-
nators of the P, and P, series. At first sight this may appear a fanciful relation, but
if it be remembered that this difference is merely the atomic weight term, whose
subtraction from the atomic volume term in P, gives the D of P,, the supposition is
quite reasonable. His proposal, then, comes to this: to put p = 1—2W where 2W is
the atomic weight term. Now, the values of 2W are about *000744, 002933, 1012887,
‘032485, their differences from unity giving (to four figures) ‘9993, '9971, ‘9871,
9676, which march closely with the values of u obtained from the lines as observed.
There is something to be said, therefore, in favour of the view that the value of p for
this series is 1 —atomic weight term, though it cannot yet be regarded as certain,
against the supposition of constancy. The following table is interesting as throwing
light on this point. It gives the differences of wave-numbers between successive
lines for the elements indicated :— ‘

TasLe IIL

2-3 3—4. 4-b. 5-6. 6-1. 7-8. 8-9.
Li . . . .| 5343-20 247005 134227 80946 53839 35371
+ ‘55 |+ 164 |+ 2-47 |+ 35

Na . . . . 247002

+ 55
K . . .. 247342 1359°29 79813 53868

+ 2-1
Rb. . . . 249144 | 133957 81880
Cs . . .. 2497 - 82 136180 814.-96 H31-17 362-10 28166
H . . . .| b331-50 246695 134140 807-82 525-07 | 358:92 25796
He . . . .| b342-84 2472-59 1342-88 80948 52531 360-11 25739

What indication of change there is, is that there is an increase with increasing
atomic weight. It is just possible, however, that they might be the same as the
possible limits of error inserted below each number shown. Where no number is
inserted (H and He excepted) the limits are very large, but no definite values can be
assigned. At the same time the evidence is in favour of Rirz theory. In
accordance with what has been learnt as to the formation of the P and D sequences,
I was inclined to think that the true denominators of the F sequence were

m+1—-2W <1—- L>, the alkali P and D series depending on its second term, m = 2,
m

giving 1—W for the basis of the P and D. Such a form agrees well with the
observed lines for Rb and Cs where the measures are not exact. When, however, it
is applied to PASCHEN'S observation of the two first lines (m = 8, 4) in Na and K, it
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is seen not to hold, within at least PAScHEN’S estimates of* his errors (possibly under-
estimated as compared with K.R.’s scale), but that RypBERG’'S form gives much closer

approximation. Thus, for Na with u = '999260-1—1)02;740

, the differences of wave-

numbers for F (8.4), taking F (o) = 1227224, would be 0, 160, and without the «

term with F (o) = 1227308 they would be 0, ‘77, both within the limits of error

(4'97) for the second line. The value of the limit is nearer VD (2) in the first case.

There is nothing to decide between the two theories here. But a similar treatment

002933
m

for K, where p = 997067 + , gives in the first case with F () = 1345428

differences ‘88 and —2, both close to PAscHEN’S estimates of error (‘88 and 1-23),
whilst without the a term and F () = 1345673 the differences are 0, —'84. This
definitely points to the RyDBERG form as the preferable one. On the other hand,

032435

with Cs, p = 967565+ , where the a term is large enough to be really

important, agrees better with the whole set of observations. Comparing the wave-
length differences with those for the RYDBERG form we get the following table :—

RypBERG .| -26-5 B. 0 L. 0S. 4-96 S. 1:95 S. -2+76 S. ~2:08.
a term 1:0 B. 1°5 L. -1:38S. 0 — 52 S. - +08 S. -3-88S.
I
For Rb, p = "987118+ '0]'2887, giving
m
[ RYDBERG . . 5-9 —-4-7 45 0
| o term . 18 ~ 4 54 0

Thus, as between the two suppositions, Rb gives no indication ; Cs is in favour of «,
and its large value of « makes it important, but it is not decisive ; Na is satisfied by
both, but is better for RypBERG; K is the only one strongly in favour of RypBERG.
The question must therefore be left open at present, with leaning in favour of
RybpBERG.

The validity of the supposition, that lines exist whose wave-number is the difference
of the V part of the wave-numbers of two other lines, may be regarded as fully
established by Rrrz,* who calls it the Principle of Combination. Examples have
occurred amongst the lines just discussed. It is possible, however, that what really
happens is not an addition of unity to m, but an addition of our alkali constant.
987 % to the u, e.g., while we write a new limit as N/(2+u)?, it may actually be
N/(L+p+987). To settle this requires greater accuracy in the obscure lines than is
to hand.

¥ «Ueber ein neues Gesetz der Serienspektren,” ¢ Phys. Z.,” vol. 9, p. 521.
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It appears that, whatever the kinetic configuration may be which is the source of
the vibrations, the light periods depend on the difference of frequency of two systems,
each with distinguishing train of frequencies. This train, or sequence, we have
denoted in the foregoing by putting the letter V before the letter representing the
series. In what succeeds we will refer to them as the P-sequence, S-sequence, and
so on. We recognise four typical sequences, the P, S, D, and the new F type. The
evidence adduced in the preceding goes to show that the F type is the fundamental

or primitive type. The P is formed from it by adding sb<1—-q%>, where 0, ¢ are

constants, or atomic volume term x(1—m™x1957?), the D by deducting the same
term or the atomic volume term, with some as yet unknown law for the term in afm.
The S term is found roughly by deducting a constant from the w of P. The theory
will fall in, as we shall see, with the Li, H, and He spectra also. Regarded from this
point of view, we may look upon P as standing for positive, D for difference, and S
for semi.

Lathium.

It is now time to take up the discussion of the spectra of lithium in the light of
the knowledge gained from the consideration of the other alkali metals. The spectra
of Li have been arranged like the others in three typical series, called the P, S, and
D series. Taking these letters at present to stand for the arrangement hitherto
accepted, and using the first three lines of each to calculate the constants, there
result the following formulee :—

P. . n=43482:20+118—N/{m+ ‘951609F (318)+m ' x[007365+ (262)]}*
S. . on=2857944% 54—N/{m+ ‘602191F (389)—m ™ x[013039F (735)]}*
D. . n=28579'99+4'52—N/{m-+1000845F (3274)—m ' x 005394 F (5457)]}*

The first glance shows at once that the lines ascribed to the P series follow a
D type, and those of the D look like a P type. Also the values of the constants are
very different from what we should be led to expect from the relationships discovered
amongst the other elements. We should all the more expect to find these relations
to hold, since Li falls in so closely with the analogous relationships for the atomic
volume. In the above formule ‘

D of P () = 1588172F (21) D of P(1) = 1958974+ (23)

D, S(ow)=1958993F (13) D, S(1)=1589152+ (354)

D, D(w) = 19589807 (115) D, D(1) = 1:995451+(2183)
Tt follows at once extremely closely that the laws (D), (F) hold, viz.,

D(e)=8(e)=VP(1),
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also (G) is nearly so. We note that Li agrees with the other elements in making
P (o) VS(1), and it differs also in the same direction.

The form of VD recalls at once the formula for the F sequences found in Cs and Rb.
In fact, a RypBERG form would well serve it.  To test this we can find the differences
in successive wave-numbers. They are entered in the table above with the other
elements, and an inspection leaves no doubt but that here we have the F type. VP is
clearly a D type, although we should have expected the u to be somewhat smaller.
The third series is thus VD (1)—VF (m), and the first VS (1)—=VD (m). The usual
D series, however, gives n = VP (1)—VD (m), and we ought to expect to find it.
Now, certain additional lines have been observed by K.H. and S., viz., 6240'3 S.,
46363 S., 41482 S., 3924 K.H. If they are the series in question their wave-
numbers ought to differ by the same amount from those of the corresponding lines in
the old P. The differences are 14904'73+2'8, 1490393 +2, 14914°10+10, 14905+ 15.
In finding these the means of K.H. and S. were used, except for the last, which S.
has not observed, but ExNEr and HasHEK have. The permissible errors have been
taken twice the difference of the readings of each two observers. The difference is
close to 14904. Since the limit of the old P is 4348220, the limit of the present is
the difference or 28578+, the same as for the old S. and D. It should clearly be the
same. Hence the formula 1s

28580—N/(m+951609+m™" x "007365),

the ordinary D type. ‘

In all the other elements we have met with series of the F type with limit VD (2).
Now VD (2) (extrapolated from the formula) is 12557, and lines of the new series, if
existent, ought to have wave-numbers 28580—12557 = 16023 below those of the
old D. The wave-numbers calculated in this way would be 5699, 8169, 9511, 10321,
10859, subject to uncertainties of a few units owing to the want of exact knowledge
of VD (2). The first two lines clearly appear in PAscHEN'S list of new ultra-red lines
with wave-numbers 569595 and 817322, or A\17551°6 and 12232'4,

There are two lines of PAscHEN'S 18697°0, 127822, whose difference of wave-
numbers is 2474°26. Table I11. shows that they must have reference to the F sequence,
and must be of the form

A—-VEF (3) and A—VF (4).

The actual values of their wave-nuimbers give A = 12202 = N/(2:9980)>.

Now the D of F (2) = 2-998148.

Hence these two lines are VI (2)—VF (3) and VF (2)—VF (4).

There are no apparent signs of series of the positive type. If we apply the multiple
laws deduced in the foregoing we should get for the D of P

m+1+074560—

016120 _ 000040 <1- l>
m m

VOL. CCX.—A., O
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taking the atomic weight term as about § that of Na, s.c.,

= 1074520—m™" x ‘016080,
giving

VP (1) = 25885 = 8 (oo ).
The p of the S would be about *005 more than u—-5 of P, and the a about ‘8 that of
P, judging from analogy with the other series, i.e.,

po=5795—m™"x 0130,
whence

VS (1) = 44693 = P (), VS (2) = 16566.

The values for D are more difficult to estimate, owing to uncertainty as to the afm.
The p = 1—"074560—(40) = 92540,and the denominator = m+ 92540 +afm. Whence
VD (1) = 29584 —-380726e.. These give '

P (1) = 4469325885 = 18808,
S (2) = 25885—16566 = 9319,
D (1) = 25885—29584+ 307260 = —3699+ 307260

The P (1) or the first of the typical principal series would give X = 5316. S(2)
would be about N = 10731, Neither have been observed. The S and D should be
doublets with about » = 1'9. The D line, n = 3699, is clearly the same as PASCHENs
3719. If we make it so, « must be given by

30726a = —20+error in D (=),
or
error in D (o)

o= —"000716+ 30700

The error in D () is probably considerable, which would make a small positive
quantity. Not only is the deduced line close to the observed one, but the observed
is a doublet of the proper amount. The doublet D (2) would be at X = 7651, and has
not been seen.

The foregoing is professedly speculative. If the relations found for the other
elements really hold for Li, it shows that while in the others all the energy goes into
vibrations of the positive type, in Li it goes into those of the negative type. It
might be objected in the above, that there has been no evidence that the S and D
forms, when used in a positive group of spectra, are different from the corresponding
forms in a negative group. A similar difference will, however, be shown to exist
when the spectrum of helium is considered. As we look down through the different
elements we find traces of the negative type (VD—VF), (VD—VP). In Na the D
series is not the ordinary but the F type, but we have seen indication of three lines
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of the typical form. In Li all the negative group come in, and we only have one
indication of lines of the positive group. It is apparent, not that the formulse have
ceased to follow regular laws, but that the energy has passed from one set to another.

It is necessary to consider whether the identification of PascHEN’s doublet with
the first line of the D series will hold if we regard the S and D forms to be the same
for both positive and negative groups. The difficulty is, there is no appearance of
the P form. It is possible, however, to determine VP (1) so as to make the
identification correct, and see whether it leads to a likely value. Now

VD (1) = 28580.
Hence
VP (1) ~ 28580 = 3718,
or
| VP (1) = 32298 or 24862,

giving values of the denominator of P respectively 1:8427 or 2:1003. The former is
quite out of character, but the latter is more in character with analogy. It makes
the D of P (1) only 016 less than that of Na, and the fractional part greater than the
p —5 of the S set, which for m = 1 is ‘089. This fractional part is greater in all
the previous cases. The identification, although possible, does not commend itself.

| Hydrogen.

For our present purposes the spectrum of hydrogen is chiefly important, because
on it is based the determination of the constant N. The value was determined by
RypBERG on the supposition that Barmer’s formula was correct, by applying the
method of least squares to Amms™ measurements of the first 13 lines. I have
already given reasons why, in deducing N, RypBERG'S formula should be used in
preference to BALMER'S—the probability being that u—1 would be so small that the
term in afm would be quite negligible. Also, since AMES results, EvERSHEDT has
given measurements from solar prominences down to m = 31. For these reasons it
seemed desirable to recalculate the value of N with RypBERG'S formula. RowLAND’S
measurements were used for HD (3.4). For HD (5) the readings of various observers
differ greatly. The work was done twice—first for AMEs’ value of HD (5), weighting
it one-half the others; and second, leaving. out the line altogether. HD (6.7) have
been very carefully and specially measured by EversHep}. The remaining 24 lines
used were from EVERSHED'S measurements, all of course corrected to vacuo. In
absence of any indication to the contrary, all observations were treated as of equal
value, although as they are prismatic measurements it might have been better to

* ¢Phil. Mag.,” xxx., p. 33 (1890).
t ¢ Phil. Trans.,” vol. 197, p. 413.
i ¢ Astro. Journ.,” xxviii., p. 72.

o 2
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take wave-numbers as of equal value. It would, at any rate, have made the
calculation simpler. The results are as follows :
With Ames’ HD (5)

_ n = 27419:22—109708°7/(m+-000412)?,
without
n = 27419‘21—109’705'8/(m+'OOO374)2.

The limits are practically the same. They are 109708:7/(2:000264)%. TFrom the
latter formula the values of obs. —cale. up to m = 10, and then at intervals of 5 to 30,
and the last 31 are as follows :-—

m= 3 4 5 6 7 8 9 10 15 20
01 R —07R 09 A 0 0 03 09 04 —'17 03
25 30 31
—03 —20 —14

m = 5 is the doubtful measurement. In spite of the good agreement, however, the
observations on which the determination of N is based are not at all as accurate as is
desirable. PICKERING’S measurements of HS in { Puppis are far too inexact to give
any information as to the value of N. The most accurately measured spectra are
those of helium by Runce and PAScHEN, to which we next proceed. The HD and
HF series should be almost identical, so that the observed lines should be close
multiple lines, for which, as is well known, there is good evidence.

The combination principle in H has recently been illustrated by the discovery of
two ultra-red lines by PascHEN belonging to VP (3)—=VD (m), m = 4, 5.

Helvum.

The observations for the spectrum of helium are due to RuNeE and PAscHEN®
for the visual and photographic region, PascHENT for the ultra red, and measurements
of certain visual lines by interferential methods by Lord Ravimiemi R. and P.
estimate their possible errors to amounts of the order of <005 A.U. There is no
doubt but that their measurements give by far the most accurate values for any
complete spectrum yet obtained, but the possible errors are certainly several times
larger than their estimates. They estimated their possible errors for P’ (1) and P” (1)
to be respectively 80 and 48. PascuEN's later and very accurate determinations
show that actually those errors were respectively 182 and 340. 1t is true that these
were bolometric measurements, and naturally cannot be compared with the others, still

* ¢ Astro. Journ.,” iii., p. 4.
+ ¢Ann. d. Phys.,’ 27, p. 552 (1908).
1 <Phil. Mag.,” xv. (6), p. 548 (1908).
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RAvLEIGHS interferential measurements allow us to compare some of these lines with
what may be considered their actual values, and the comparison shows that the
degree of accuracy is not nearly so high as that estimated by R. and P. The lines are
given in the following list, together with the estimates of error by R. and P. :—

Ray. R. and P. Est. err. R.P. - Ray.
S” (2) 7065200 548 +030 +280
D (2) 6678150 837 - -005 -920
D" (2) 5875625 5-870 +006 +245
P (2) 5015-680 5-732 -007 *0562
D (3) 4921-930 2-096 -013 166
S” (3) 4713144 3-252 -014 -108
D" (3) 4471482 1:646 +005 *164

If R. and P.’s measurements are correct as a set they ought to show a constant ratio
to the corresponding ones of RayvLEIGH, but a glance at the differences shows that
this is by no means the case. With so large a number of lines for comparison as
seven, it would seem legitimate to deduce what this ratio (k) should be for the whole
of R. and P.s scale, and thus to correct these seven at least. I have done this,
making the mean square value of (correct-actual) least, treating first all observations
as of equal value, and secondly as weighted according to R. and P.’s estimates. In
both cases the result is the same, viz., k= 1:000033. If, as might possibly seem
preferable, the ratio of difference to wave-length is to be a minimum, then
k = 1:000030. On these suppositions we obtain the following corrections to apply to
R. and P.s lines to bring them into their true positions on their scale :—

I II.
dA. dn. dA. - dn.
—~ 045 + 072 - 068 + 128
++003 —+006 - 020 + 044
—+049 + 147 - 069 + 207
+ 115 — +460 + 100 —~ 400
- +002 ++008 -+019 + 076
+ 049 - +245 ++033 - 165
-+015 + 075 - 030 + 150

The List I.—actual errors a minimum—appears the better, in view of the fact that
some of the corrections are within R. and P.’s estimates, and that they are generally
smaller than in II. It would, perhaps, have been advisable to use these corrected
values in determining N by least squares, but the work had been done before
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RAvreiGH'S results were published. The work of applying the method to the six
series is exceedingly laborious, and as the corrections themselves are not quite free
from doubt, it did not seem worth while to recalculate. In any case, it is not probable
that the actual values of N would be greatly altered. All six series have been treated
in the same way, the observations being weighted in accordance with R. and P.’s
estimates. In the case of the S series, however, the top line (m = 2) has been omitted.
This was done because there is some doubt as to the correct form for the S formula,
and any term B/m® has much less effect on the lower lines. Consequently the value
of N is less likely to be affected. The resulting formule are :—

Senglet Series.

P. . . . 32033094—109814'6/(m+1014593—m™x '004392)
S L. 27174°917—109726°0/(m+ ‘861181 —m ™' x :007809)°
Do .. 27174627—109672°5/(m+ ‘996369 +m™' x 002917

Doublet Series.

P’ . . . 38453347—1096662/(m+ '929442+m™ x 007792)
S ... 29222:696—109719°6/(m+ “705092—m} x *013408)
- D’ . . . 29222:595—109689°2/(m+ 996347 +m™  x 002200)

The values of obs.—cale. are given in the following table, with the corresponding
values from Rirz formula, although they are not comparable on the same basis,
except possibly in D/, P”, and D”, where the N is practically the old N, but Rirz
gives no formula for the D series :—

P S ‘ D
.
0. - H. R. 0. H. R. 0. H. R.

1 4 <096 - 80

2 <007 --03 0 05 2:95 0 005 545

3 <003 -005 0 -007 -002 0 +013 000

4 *002 +002 0 +005 001 +046 +004 +000

5 +004 <021 - 001 <007 <000 | 0 +006 +000

6 +005 000 - 038 +006 -005 -+033 +003 -005

7 +008 -028 - 032 <011 - 060 — -087 +005 - 024

8 005 - 028 ~ 116 +009 -010 - 022 +010 +009

9 -004 - 025 --13 -014 000 - +060 ‘011 +007
10 -011 | - 020 -+12 - 022 +007 -000
11 000 -+09 -08 000 +007 -012
12 not | observed. - 207 - 285 +016
13 M 08 - 020
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P, S, D".

m.

0. H. R. 0. H. R. 0. H. R.
o1 15 80 0

2 004 | -046 0 030 | 2-84 0 “006 | -005
3 | -010 | —-018 --056 | -0l4 | —-026 0 “005 | -006
4 | -004 | -016 0 -003 -007 | -036 | -003 | -003
5 | -006 | —-004 | —-007 | -002 | - 004 0 “002 |- 005
6 | -013 | 002 —-003 | -004 | —-002 | —-016 | -002 | -002
7 | -010 | —-012 | —-013 | -004 | --006 | --035 | +003 | -005
8 | -013 | 013 | —-083 | -005 “020 | +035 | -004 | -006
9 1| —-024  --013 | -007 007 | +003 | -0l4 | -028
10 T | --080 --019 | -0l 014 | —037 | <015 | -002
11 7 “151% 02 030 | +000 | ‘016 |- 017
12 v - 014 02 —+051 | --073 | -02 -021
13 02 ~-055 | —-060 | <016 |--007
14 ? ‘107 | 040 | ‘016 |- -017
15 02 |- 049
16 02 |- 047
17 ? 24
18 7|10

* SCHNEIDERJOST, ¢ Beiblitter, xxviii., p. 1175.

The agreement between observed and calculated is very good except for S’(2) and
S”(2), which is in accordance with what has been found in the previous cases. As
mentioned above, these were left out in finding the constants, as the chief end was to
get accurate values of N, and there was some doubt as to the form of the S formule
being correct. In comparison of RAvLEIGH'S lines we found probable errors in R. and
P.’s measurements, amounting to eight or ten times their estimates. If we take their
possible errors as only three times their estimates, very few of the calculated values
overstep these limits. It is interesting to note that the least square treatment
corroborates independently the errors determined from RAYLEIGH'S interference
standards. Thus, in P’(2), the differences in n for m = 1.2.3.4 are —024, +°12,
—+03, —°03, pointing to considerable error in P’ (2). If the calculated correction of
IL be applied to R. and P., the difference should have been —-28. This would have
been in the course —'024, —28, —-03, and then the method of least squares would
have brought these into close agreement. In fact, the considerable error in P’ (2) has
pulled the calculated values for P’(1.3.4) out of their proper places. A similar result
is shown in 8”. If the calculated wave-length values of S(2.3) be compared with
R. and P.’s corrected values from II., the differences would be 275, 007, ‘007, instead
of 2:84, —'026, 007, and if they had been used to calculate the constants the agree-
ment would have been much closer. So the differences for D (2) would be diminished
from ‘545 to *525, but D (3) increased from 0 to —'019, D (2.3) increased from -005,
‘006 to —064, —024.

The values of N may be expected to depend to a few units on the weights allowed,
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and the accuracy of the measurements. Allowing for this, the evidence, with one
exception, bears out what we have already had reason to infer, viz, that the P and
D series have about the same value of N, and that that of S is larger. The exception
is P. The mean of N of 1Y, P”, D” is 1096759, or practically RypBrra’s old value
obtained from H. We may feel, therefore, reasonable certainty that the actual value
for these series is very close to 109675. The N for the two S series are again practi-
cally the same about 109725, but there is some uncertainty owing to the top lines
having been omitted. The case of P’ is exceptional with the large value of 109815,
The agreement of the calculated with the observed values is not so good as in the
other cases. It must be left at present as an apparent anomaly, but it may be noted
that P’ is a singlet series, like that of Li, in which a similar case arises. In the
alkalies we saw that N for S increased with atomic weight, and if this were the
general rule we ought not to expect a large value of N for helium. For this reason
He is not a good test. We shall find better ones when we come to deal with other
spectra.

It is seen that the limits of the S and D series for both sets are very closely the
same. Also VP' (1) = 2717573 and &' ( 00) = 27174627, whilst VP” (1) = 2922189
and 8" (o) = 29222696, so that, as in the other elements, relation (F) is very closely
verified. On the other hand again, as in the other cases, relation (G) is only roughly
satisfied. V&' (1) = 3194365, VS (1) = 3833945, which differ from P’() and
P”( o) by 8944 and 1139 respectively.

The two D series run nearly parallel to one another. The differences of corre-
sponding wave-numbers are 204448, 204599, 2046°93, 204737, 2047°55, 204748,
204777, 204760, 2047°81, 204806, 204817, 2047°79. The two series run down to
limits which will be very close to the true values for the last six lines, which give-a
mean of 2047:86. Taking this, the values of VD (m) for the two series differ by
numbers which are given in the first row of the table below. The denominators of
VD are m+-996...+... or m+ L roughly. There are three cases to consider as to the
origin of these differences: (1) an alteration in N, the differences will then be
SN/(m+1)*; (2) an alteration in g, when the differences will be 2N Suf(m+1)*;
(3) an alteration in «, when they will be 2N 8af(m+1). The second, third, and
fourth rows give the numerical differences in each of these cases, the first difference
being that observed, viz., 3:38. The fifth row gives the result of dividing successive
differences by 2—in other words, making the difference depend on a term A27™.

2. 3. 4. 5. 6. 7. 8. 9. 10 1L 12. 13
I . . 338 187 ‘93 59 31 38 09 27 05 -—20 —-31 07
II. . . 338 190 121 -84 -62 47 37
IIL. . . 338 142 73 42 27 -18 ‘12
Iv. . . 338 107 44 ‘
V.. . 338 169 -84 42 21 10 05 ‘
VI . . 458 184 92 -53 33 21 11 09 -04 -02
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The difference for m = 7 in L is clearly wrong, the mean of 6 and 8 gives '20, so
also is that for m = 9, and beyond this the measurement errors are clearly greater
than the differences themselves. It will be seen by inspection that a change in N
alone gives too slow a decrease and a change in « alone too quick. A change in
gives about the correct average descent with increasing m, but m = 38, 4 are too much
out to be due to mere errors of observation. Row V., term in A/27", marches closely
with I.  On the other hand, VI. is extremely close. It gives the differences as
calculated from the formule obtained by least squares, which has met the difficulty

by increasing N by 17 and diminishing the denominator by -000022 + .0032717. Now

‘0141w for He is 000022, which is evidence that we have here to do with the regular
atomic weight term. v .

So far nothing has been said as to the true form of the series, but the usual classi-
fication has been followed. With eur present knowledge, however, a glance at once
shows that the third series in each set belongs to the F sequence, and that the sets of
series should be classified as follows :—

- ) VS’(I)——VP (m) Boukl " VS”(I)—VD (m)
Slng .et", series VP (1)——VS’ (m) . Qu et series VD (1)—VS” (m)

positive type negative type |
LVP (1)=VF (m) VD (1)=VF (m)

The sets are apparently independent, excépt as depending on the same He
fundamental sequences. In the singlet series the negative type is wanting ; in the
doublet the positive is wanting. They are, as is well known, developed in different
ways, and it is not to be expected that the P sequence of the first is also that of the
second, and the D sequence of the second the same as that of the first. The singlet
series stands out by itself also as having a much larger value of N for the P sequence
than in any of the other spectra. In the doublet series, however, it might be
expected that similar relations to those found in the other elements might exist. For
instance, the D of VI (1) is *998547. The p of VD is *9294 or -0691 (say 0700) less.
If this depends on the atomic volume constitution of the term, as indicated in the
alkalies, it should be possible to determine the atomic volume of solid He by
comparison with any of the alkali spectra. Now K, with an atomic volume of 44617,
gives for the corresponding difference about '300. On this supposition, therefore, the
atomic volume of He would be 10'41. The density of solid He should, therefore, be
*38. KameruiNGa ONNES gives that of liquid He at its condensing point as ‘154,
The density of the solid would probably be considerably greater, but scarcely so large
as '38. The deduction, of course, is not reliable, but is interesting as deducing a
value of the right order of magnitude. It may be noticed that the w of & differs
from that of 8” by 1560 = 2x 0780 ; u of P'—pu of 8 by ‘1534 = 2x 0767 ; and u of
D"—p of 8" by 2243 = 3x 0748, all approximately multiples of the ‘075 which go

VOL, CCX. —A. P
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to build up the alkali series. Whether this has any real significance, however, must
be at present an open question.

Further Discussion.

From the foregoing discussion a few points stand out for further consideration.
The most important is the doubt as to the form for the S series.

The dissatisfaction with the form in a/m for the S series arises from the fact that
V8 (1) does not give P (o), and that in some cases the value of S(2) calculated by it
from constants-determined from S (3.4.5) is considerably outside the limits of obser-
vation, certainly in the case of K, and probably also for Rb and Cs. This second
failure, however, clearly is a consequence of the first, and will probably be corrected
if the first is. In addition, the pw—5 of the 8 is so close to the value of the atomic
volume term in P as to point to a real equality if the true form be obtained, whilst
the value of « in S is always considerably less than that in P. It has been shown
that the VS (1) cannot be made = P () without introducing a term in B/m?, and
that in" the two numerical examples given for Na and K, the « and 8 come about
equal—in other words, a denominator = m+p—am ™" (1+m™) would satisfy all the
conditions. Also the p—'5 is brought nearer to the atomic volume term, but «
becomes about one-half that in the P series. Before considering this clue further,
two other ways out of the difficulty may be mentioned. Rirz has systematically
used m+ 5 in place of m in the 8 series. But the adoption of af(m+5) in place of
afm makes the disagreement between VS (1)and P () greater, although it brings
the a more into agreement with that of P. On the other hand, m—-5, which makes
the p of S in the alkalies practically the same as that in P, throws the difference the
other way. It is clear, then, that since m = integer makes VS (1) < P (), and
m—-5 makes VS (1) > P (), that a value of f <5 can be found, such that a

. oL . e
denominator = m+u— —— would make the limits come correctly.

In all that precedes, not only has the value of N been taken to be a universal
constant, but it has had the special value 109675 attached to it. The evidence for
the universality of its value is not, however, conclusive, and it is clearly possible, if 1t
be not so, to assign values N, N, to N, so that

N,/D? of P (1) =S (oo ), N,/D* of S (1) = P (),

and such contingency at least requires examination. These three possible solutions
will now be taken in order.

Addition of Term in Bfm*~- We have seen that it is poscnble to satisfy the required
conditions in the case of Na and K, but only by allowing actual errors in the
measurements alternately positive and negative, and each a considerable fraction of
the possible. The necessity of taking in each case the errors alternately positive and
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negative makes this way out of the difficulty very doubtful, and any one using
Kavser and Runew’s observations gets to doubt whether many of their actual errors
are more than small fractions of the possible. It would probably be possible to satisfy
the conditions for Rb and Cs within the present possible errors, but only because they
are so considerable. I think, therefore, on the whole, the evidence is against this
explanation. As, however, the coefficients « and B8 were nearly the same in the
~ numerical examples, this point was tested for Na, using P (1) for —S (1), PASCHENS

S (2), and K. and R.’s S(8). The resulting formula was
n= 24477'04——N/|:m—- 651450~ 012403 <1~ + "1‘2>] :

» mom
but the deviations for the other lines were far too great, being several times the
possible.

Term af(m—f).—The value of f; as determined from the observations, will depend
so much on the exactness of the measures of P (1.2) and S (2.8) that we can expect to

learn nothing from considering the cases of Rb and Cs. For Na and K the resulting
formulee are |

For Na ~
. 9 2
P . . 4144597—-N <m+1-150156—w>,
m+ 070
‘022786 \?
A€ L BRRORE —
S .. 24472°46— /<ml— 655055 195 192)
and for K
. 3 2
P . . 3500053— N/<m+1-302556-__018_5_3i>,
m+ 1557,
. 2
s .. 21963'75—N/<m+ 824959 — 039382 V¥
m—-2718/
These give values of obs. —cale. as follows :-—
1. 2. 3 4. 5. 6. 7.
NaP . . 0 0 0 0 —03 —15
NaS . . 127 0 0 0 42
KP .. 0o 0o 0 —15 —10 —33
KS . . 945 0

0 0 05 ‘18

By comparison with Table L., it will be seen that now NaP (6) comes outside the
limits, NaS (2) is slightly better (but can be brought inside as before). KP, is much
worse, and K8 (2) improved, but the relation between the limits now holds. No
relationships are apparent between the various constants, except that, allowance
being made for possible variations, the f of P in both cases is one-half p—1. The
inequality between the « for the P and S series is increased. |

P2
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N not constant.—In this case the values of N are supposed to be different for both
the P and S series. Each series, therefore, requires as before three lines to determine
its constants, and the relations P ()= VS (1) and S(w)= VP (1) give two
additional equations to determine the two values of N—say, N, and N,. Unfortunately
the values of the first lines are so uncertain (with exception of NaP (1)) that the
values of N,—N and N,—N vary very largely with the errors in the observed lines.
For instance, in the case of Rb, if L.’s values for P (1) and S (3) be used, N,—N = —12,
N,—N = 1300. If8.’s values for P (1)and S (3.4) are used, N,—N = 141, N,—N = 651.
In the first case P is reproduced as well as the original, but S not so well ; in fact,
S () comes out too large. In the second, P is not so good, and S is better than
with the 1300 difference. The discussion shows, however, that within easy limits of
error the N of P may be taken as constant, and for a provisional value the usual
value of N will do very well.

For Na, using K. R.’s values for S (3.4.5), 8N, = 215, p = 661089, a = —-032760,
and the calculated lines for S agree better than the original except, however, S (2),
which is —4-'28 wrong in place of 1'37. If, however, PascaeN’s S (2) is used and
K.R’s S(8.4), then 8N, = 306, N, = 588, the limits are considerably altered, and
the calculated results bad. If we make 8N, = 0 and use Pascurn’s S (2) and K.R.’s
S (3), 8N, = 342, and the other calculated lines are all outside the limits. The most
reliable result appears, therefore, to be that caleculated from K.R.s values for S (3.4.5),
which improves all the other lines but requires S(2) to be 428 A.U. larger than
PascHEN'S observation, which can hardly be the case.

For K, using K.R.’s S (3.4.5), 8N, = 609, p = 841460, & = —"066494. This brings
S (2) within 22 of PascaEN’S value (original difference —16-20), and all the others
within limits.

For Rb, using S.’s values for S (3.4) and K.R.’s for S (5), gives N, = 141, 6N, = 651,
p = ‘894830, & = —'085235, but the P series is bad, although S is better than that
referred to above where 8N, = 1300. Tt is probable that a value between 651 and
1300 would be preferable.

For Cs, using L.s for P (1), K.R.’s for P (2.8), and 8.’s for S (3.4.5), gives 8N, = 369,
SN, = 1286, p, = 1'458065, o, = —092888, u, = 992400, o, = —112079. These
bring all the lines within limits, P better than the ordinary.

It is to be noticed that although N, may be kept constant by giving permissible
variations to the lines from which the constants are determined, yet there is a tendency
shown to an increase with increasing atomic weight. In all cases N, increases with
increasing atomic weight, but the calculated values vary so much with the actual
errors of observation, that it is useless to attempt to find any relation between them.
8N, for Na is probably not far from 220 ; for the others it is larger. The values of
8N, for K, Rb, Cs might be the same, but in view of the smaller value required for
Na, this is not likely. One important fact brought out, however, is the raising the
value of & for S, so that its ratio to u—'5 becomes much closer to that for the P series.
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If the condition that a/u should be the same as for P be applied, say about ‘2, the
values of 8N, come to about 382 for Na and 650 for the others.

In the present state of the observations, it is useless to attempt to arrive at
anything more definite than that a very small proportionate increase of N for the
S series will satisfy relations (F and G), make better agreement in general for the
lines S(2), and bring the ratio af(u—'5) into close agreement with that for P.
Possibly some constant value for 8N, would make a the same as for the P series, in
which case the u of S would be formed, not by adding the term sb to 5, but to a
number >'5. For these combined reasons it would appear, so far as our knowledge
at present extends, that the required improvement in the S formula should be looked
for in a change of the value of N. The evidence shows that at least the greater part
of 8N, does not depend, like W, on the square of the atomic weight. It might,
however, depend on s. Thus apparently 8N for NaS is about 300, for KS about 600,
and the corresponding multiple law would make it 750 for Rb and 900 for Cs, quite
in agreement with the actual numbers found. If this were so, the P sequence would
be formed by adding a multiple term to the denominator, and the S sequence by
adding a corresponding multiple term to the numerator.

A further argument in support of this theory is found from the discussion on the
various He series. It was there found that using least squares to these very
accurately measured spectra, rich in lines, that the I’ and D sequences have values
of N very close to the value 109675 generally adopted, but that the S series in both
cases require a value of N about 50 larger, and this when the lines corresponding to
m = 2 were not used. In this case they do not reproduce the values of S (2). It is
probable, therefore, that if they were introduced the values of N would be still more
considerably increased. The case of HeP’ requires a still higher value of N, and in
this case HeP’ (1) agrees with the observed. It seems a clear case for an increased N
if the form m+p+afm is absolute. The argument that it is so is that in cases of
elements where p and o are comparatively large, it is sufficient to give practically
all the lines within limits of observation errors, and that if B/m* be added, B8
comes always a small fraction of « and capable of being wiped out by errors of
observation. Now the a in the He spectra are all very small, and 8 would be very
much smaller, and exert scarcely any influence on the lines beyond the first two or
three. Nevertheless N is increased for the S sequences.

Summary of Results.

The principal results arrived at in the foregoing discussion may be summarised as
follows :—

1. A modified RvDpBERG'S formula, in which the denominator is of the form
m+p+afm, is found to be capable of representing practically all the observed lines
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within errors of observation. The chief exception is for the first line of the sharp
series, which is shown to be probably due, on other evidence, to a change in N.
2. The existence of a new fundamental sequence I (m) whose denominator is either

: \
m+p—2W (Rirz) or m+u—2W (1— L I, where W, the atomic weight term, is a small
m/

fraction of the square of the atomic weight. The dependence of the fraction on the
element is not at present determined, but if w denote the atomic weight divided by
100, the fraction of «” is *0141 for Na and about s/(s—1)x 0141 for the others.

3. That the D of the P sequence is found by adding "074560 <1—$> s to

1-W Ql ——%), as found from the F sequence, where s has the values 2.4.5.6 for Na,
K, Rb, Cs. In the case of Cs, however, in which satellites appear in the D series,
the term in W <1 — W-%> does not occur.

4. The D of the P, sequence is found by deducting 2W, or approximately

0141?14 |, from that of P,
m (s—1)

5. The p of the D sequence is found by deducting the same quantity ‘074560s
from 1—W (1—m™"). The form of the term in « has not been determined. When,
however, satellites occur, and there are two D sequences, as in Cs, the W missing in
the P sequence must be put in here, and the above quantity ‘074560 x 6 deducted
from 1—2W instead of from 1—W. This gives the u for Dy or Dy, The p of
Dy, (2) is found by adding #W to that for Dy, v.e., W (1—m™").

6. In the same way as the P sequence forms a doublet D series, VP, (1)=VD (m),
VP, (1)=VDm, so do the D sequence produce a F series-——doublet when D has
satellites—viz., VD, (2)—F (m), VD, (2)—F (m).

7. The values for the S series show that its p is obtained by deducting quantities
somewhat smaller than ‘5 from that for the P, and that its « is always considerably
less than that of P. Also, although RypBErG’s relation S (o) = VP (1) is very
closely verified, the other, P (o) = VS (1) cannot be true with the formulae used.
Moreover, the formule fail to reproduce S(2) within limits of error. Evidence is
given that this is due to a change in value of N in the S sequence. A suitable
change makes P (@)= VS (1), the difference of the p of S and P the same for
each element, « the same for S and P, and the values of S (2) within the limits.
Moreover, in using the He spectra to obtain a more exact value of N than can be
expected from H, it is found that N is greater than 109675 for S, by about the same
amount in both the singlet and doublet series, whilst close to it for the D/, D”, and
P”.  The evidence in favour of this explanation is therefore very strong, and the D
of 8 would then be found by subtracting '5—w, where x is small of order ‘1 from
that of P. ' _

8. The spectrum of Li is abnormal. It is a singlet series in which what has been
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called the Principal series is formed on the D sequence, and what has been called
the D on the I sequence. The set belongs to what has been here called the negative
type. The first, the so-called Principal, is the only one in which the formula does
not reproduce all the lines. It is possible that it requires a larger N, as is required
for the P lines in the other singlet series discussed, viz., He'.

9. As we pass down through the alkali metals we find a change of' type occurring,
first in Na, and then in Li. In Na, what is called the D series, has a w much closer
to the F type than to the D type. There seems to be a certain instability, and a
large number of extra lines appear whose development appears to depend on narrow
limits of temperature, amongst these are possibly three lines which show the D type
normal to the other elements. In Li all the normal type have disappeared, and we
get a singlet system depending on a new kind of D sequence for the Principal series,
and the F sequence for the D series. In addition, we get lines conforming to the D
type based on the new D sequence. Also there are indications of the normal D
series in a doublet spectrum, with the doublet separation to be expected in the
normal type. But no P or 8 lines of the normal type have been seen.

- 10. In He the singlet sets of series are of the P type, with the associated D based
on the F sequence. The doublet sets are of the D type with the associated D also
based on the F type. These spectra have been used to determine accurate values of
N by the method of least squares. The important result comes out that the value
of N is not the same for each series. It is practically 109675 for the 1/, D”, and P”
sets, 109725 for 8’ and 8” (probably higher if the lines S (2) had been employed in
the determination), and 109810 for P’

The relations found strengthen the evidence in favour of Lord RavimicH’s theory
as to the kinematical origin of these spectra. A general consideration of questions
relating to origin is, however, postponed until the spectra of the other elements are
discussed in a future communication,
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